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ABSTRACT

This thesis treats the problem of determining the eleva-
tion anjie needed to initialize an underwater sound ray
tracing algorithm used to locate tae position >f a targjet
venicle. At regularly spaced time intervals the vehicle
rings a syrchronized sound signal waich 1s received by a

(shoxt base 1line) sonar array containing <four hydrophones

ER. S DUTLNY T SRR ] sy

rositioned at four of the corners of a cube. Tie wavefrcnt
direction angles are determined froz the arrival times at
tre four hydrophones.

Current methods for using such time data t> prcduce an
apparent position suitable for ray tracing are reviewed.
Thuen fcur new methods are deveioped and documented mathemat-
ically. All methods are compared under a simulated environ-
ment of a sound speed profile which is iinear with depth.

One of the new methods is judged to be an impryvemert over

current methods in this idealized environment. Finally the
improved method is used to> estimate the variability in the

time data from a real hydrophonic trackingy problen.
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I. INTRODUCT ION AND BACKGKQUND

e R e e ——— s i e e e A i

A. BACKGROUND

Suprose that an underwater acoustical souzce emits a
sigrnal at a known time. Suppose that tne times of arrival
of that signal at the hydrophones on a three dimensional
Sensing array are also Xnown. Tinaily suppose that tlhLe
speed of scund in water 1s modelied as teingy homogencous
over time anl horizontal displacement, varying only Witk
depth. Ther the angle of elevation (2), and the time (T) of
the arrival of the signal at the acoustic center of the
hyiroghone array can be Jetermined. IZ the -elationshig
tetween the speed of sound and tke depth under water is
knowr exactly, taen the angle A and the time T can be used
to trace the signal trajectory back over its ray fata
(cailled ray tracing) to deteraine the original positior oI
the acoustical source [Ref. 1]. dowever, full realization
ol this method 1in actual hydrophonic trackiny s prevented
ty two primary sources oI inaccuracies in the process. The
first and (robably greatest problem is that tae speed of
sound profile can be approxiamated at only a fei locatiorns,
usually at yreat cost to achieve even moderate accuracy. In
addition the profile is certain to flucuate over time and
location. The second problenm, confouniing the first, 1is
tnat there may be innacuracies, of uuknown size, in the tine

data values recorded Ly the sensiny array.

B. PURPCSE

As npoted in [Ref. 1] the r[procedure of ce:rermining a
sound source positicr by ray tracing is very sensitive to

even swall errors in the anjle of elevation or speed of

10
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soundé at the sensingy array. CL course ray tracing 1is aiso
Ligl.ly dependent on the accurate determination of tae tne
transit time from scurce to array. The purgd>se of tkhis
stuly 15 to develop an appropriate model of the timing data
observed in the hydrorhonic trackirng problem. Tie olLjective
of tre desired model is to estimate the error ir the tize
values, and produce improved estimates of the i1itial angle
anl ray transit time, sSo as to reduce tae effzct of tacse
errors on tke ray tracing procelure.

In pursuit of these objectives this thesis first reviews
the currerntly used models, which are cailed the NAVY and
NAVY_A methods. Ther four aliternative aodels are develcped,
calied the L.S., L.S.C., M.1l.P. ani M.L.S. methois. rimnally
tie performance of all six models are evaluated arnd comparel
using simulation studies. The comparisons are nade under
ti.e l1dealized <conditions 9f a known linear spexd of sound

versus depth relationshig.

C. TRACKING RANGE CCNFIGURATION

The trackiang range which suppiied data for this study
consists of several separate three Jdimensional aydropnone
arrays sitting on the sea bottoan. They are lared out in a
rough grid, each array being approximately 750) feet fron
the next, so that the sound source being tracked is never
more than about 5000 feet froa the nearest a-cray. TLe
arrays are at depths cf roughly 1000 to 1300 feet.

Zach array (see £figure 1.1) +hras four indepeiadent hydro-
phones defininj am orthoyonal cooriinate systen. he phornes
are referred to as the x,y,2, and ¢ nyirophones, and are on
iour adjacent vertices of a cube (see figure 1.2 : with sides
of length D (usually 30 feet). The arrays are linked to
shore based computers Dy electroaic cacle. Tau2 origin of

the lccal coordinate system of each array is at the acoustic
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Figure 1.1  Acoustic Signal Detection by
Three Dimensiomal Hydrophonic Array.

center of the array, which is the center of the cube defineil

by the four hydrophores. Therefore tne hydropaones are in
the positions

X { >, -, -D) / 2
Yy 3 ( -0 . D, -D) / 2
. z : (-b,-D, D) /2
E. c : (-0, -D, -D) / 2
: in terms of tae array's local coordinate system.
>i
{
b
L

12




(%) z : (-D,-D,D),2

G wp - o > o .-
’
, A
Vi 7
/’ ,’ : acoustic center
’ ,
/.._ﬁ..._ / i (0,0,0)
r~ N - D ’ -
7 O
/ y ¢ (=D0,D,=-D}/2

~

(b,-D,-D)/2

Figure 1.2 Geometry of Hydrophonic Arrays.

The sound source is eguipped with a clock 5 ynchronized
with the shcre based computers and emits a sigril at speci-
fied intervals. The times of receipt of those signals at
the four hydropnones are recorded, and the correspornding
travel times are calcuiated by subtraction of the signal

enission time.

D. APPARENT POSITIONS

The first step in estimating the position of a sound
source is to lo so under the assumption that th2 sound wave
travelled its entire trajectory througan water which had a
corctdut sreel of sound. The result, called the apparent

position, is obviously erroneous, but is then -orrected by

13
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the ray tracing procedure (a Jdescription of wiich follows
later). Taie constant velocity value nused is usually the
estimated speed of sound V at the depth of :he sensing
array.

The constant velocity assumption iaplies thkat the wave-

Zront 1s an expanding sphere. Therefore the apoarent posi-
tion 1is calculated usinyg simple spherical eguatiors
involving squared distance calculations. Specifically, if

Tx is the travel time recorded for tae x-phone, then VeTx
is the Jdistance betweern the apparent positi>n and the
x-phone. This distance is also equal to the usuil geometiic
distance between tae two positions
(X , Y, Z2) (apparent position)

ard (D ,~D ,-D ) / 2 (x hydrophone position).
Equating these two sguared distances, and eguating their
counterparts for the cther three hydrophones, tie eguations

(1.1) are cktained.

(X-D/2)2+(Y+D/2)2+(Z+D/2)2=V2Ti (1.1
( X + D/2 )2 + (Y -D/2 )2 + (2 + Dy2 )2 = V2T2 o
(X+D/2)2+(Y+D/2)2+(Z-D/2)2=V2T:2:
(x+D/2)2+(Y+D/2)2+(Z+D/2)2=V2T§

Assuring that the times Ix, 7Ty, Tz, and I: are known,
(1. 1) is a system of four eguations in three unkrnowns X, Y,
and Z. This overdetermined system will, in general, have no
exact solution. In fact, even if the time values were
exactly correct, the system would still have no exact solu-
tion. This is Lecause the eguations corresj)ond to the
straight line ray paths due to the constant velocity assump-
tion, whereas the time values c¢orrespond to tie true ray
paths which are not straijht due to the actual variation of
velocity of sound alcng the ray path. This 1is a subtle, but

very imgportant point.

14
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70 throw out cne of tne e uations arltitrarily, s9o as to

reduce tihe system to thres equations i1a three aukaowns, 1s
to throw away in‘ormation froa one of the hydrophones. The
psuedo solution currently utiliized is to subtract the fourtn
ezuation from each of tae first tnree, yieldinj a syster of
tiree equations in three unkhowns walch allois an exact
soluticrn involviny information froma all four hydrophornes.
However that solution will not, 1in general, satisfy any or
thae origiral four equations, and is only one of many reaon-

able wavs toc chcocose an approximate solutiorn.

E. INITIAL ELEVATION ANGLE AND RAY TRANSIT TIME

Assuaing that a solution (Xa,Ya,Za) has beer deterumined
for the apparent position, then the initial anjle orf eleva-

tion is just tke angle of elevation of that solution, given

by (1.2).
A, = arcsin z //WV/Xz +v° 4+ 22 {(1.2)
1 a a a a

The ok jective is to find an apparent positioil (Xa,Ya, Za)

such trkat (1.2) computes an anylie which appry>ximates the
physically correct elevation angle as closely as possible.
The solution (Xa,Ya,Za) aand the times Tx, Ty, Tz and Tc car
then Lke used to determine an appropriate value f>r 7, whicu
is the 'ray transit time', or time of arrival of the sound
wave at the acoustic center of the sensing acray. The
currently employed method uses the proportional relationshkip
of equation (1.3), where R and Rc are tae ranjes £fronr the
apparent position to the acoustic center and to the ¢ hydro-

Fhone respectively, as in (1.4).

15
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R, R T.R (1.3)
= VvV, = — or T =

e B\

el

1]

N
[V N]
+

<
[YUR %)
+

[
v or

(1.4)

o
[}

“ 2 2 .2
W¢&za+D/2) + (Y +D/2)7 + (Z_+D/2)

F. RAY TRACING-

hichever method is selected to produce tie apparent

position (Xa,Ya,Za), it is transformed iato the estimate of
the true scunl source position (X,Y,Z) Ly the procedure oL
ray tracing. When there is velocity layering ii the water, l
the ray path is no lcnger a straight line. This is treated J
usirng repeated applications of Snell's Law [Ref. 2 p.131],
starting with the layer of water in which the array sits, ]
and Lacktracking upwards through successive velority layers,
untii the estimated ray transit time T is consumed. 4
The layering effect is artificially induced by the liai- !
tation that the spee€d of sound can be estimated at only a
finite number of depths, the result of which is comamonly

called the water column. For example, at the tracking rarge ¢
studied the speed ¢f sound is measured every 25 feet,
starting at the depth of 12.5 feet. Hence, for exaample, the

tiird layer from 50 to 75 feet deep is assumel to have a

[ constant speed of sourd equal to that measured at 62.5 feet.
|

o The first layer processed [Ref. 3 p.l4] is the partial

[ iayer lying between the array and the Jeepest lajer Lourndary

p——

that is shallower than the array, with thickness Z1 (see
figure 1.3).

o . . . .
- The ircremental slant rarge in the first layer 1is 31
i given by (1.5), where A1 is the initial =elevation angle ;
r . J
estimate. ;
3
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Figure 1.3 Ray Tracing an Apparent Position. )
]
1
]
S, = Zy / sin (Al) {(1.3) )
The incremental travel time in the first Layer is T1
given by (1.6), where V1 is the velocity estimated for the
layer in which the array is situated.




I o
......

1 T 5/ (1.0)
The incremental Lcrizontal distance travelle!l by the ray
in the first layer is H1 j;iven by (1.7).
Hl = S1 cos(Al) (1.7)

To Jdetermine the angie oI elevation in the rnext layer,
Sneil's law (1.8) 1is applied, where V2 is the speed cf sound

estimated for that layer.

cos(Al) cos(Az)
= — (1.8)
vl V2
“hen (1.8) 1s sclved for the cosine of tie angle of

entry irnto the next layer, (1.9) is obtained.

v2 cos(Al)

cos(r)) = ———————— (1.9)

)
< v

1

The rprocedure of computing the incremental values of
slant range, time and horizontal distarce are mnow regeated
for the second layer. The overall procedure 1is repeated
upwards through layers 2,...,n , where n is the first layer
in which the sum of the incremental travel times exceeds tne
total ray transit time, as in (1.10).

(Tl + T2 P Tn) > T (1. 10)

In the last, uppermost layer the values Tn, Sun, Hn, and

. o e
2 PP WP A

- Zn must ke adjusted to compensate for overshooting the total
». time T. The values HiI and Zi (i=1,...,D) are then accunu- e
i lated to get (1.11).
.
w. n n :
H = H. z = Y oz {1.11) B
t é;- ' ) B !
Now the raytraced positiorn estimate is given by (1.12). }
)
r. .
; J
s 18 ]
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Z = zZ
The sensing array is uswually not alijned wi:i the coor-

(1.12)

<
[}
DJN mu

dinate system of the overall tracking rarge. Therefore the
apparent position, which is 1in teras oi the local array
coordinates, . must be chanjed by a suitable geom2tric trars-
formation prior to ray tracing so as to account for the
angle of tilt at which the array sits on the sea fottcrm.
After ray tracing, the position estimate nust te again
transforzed t> account for rotation of the array about its T
axis away f{rom a position which 1s aligned with the range
coordinate axes. Finaily a simple translattion must ble
applied to reference the position estimate to the range
coordinate system origin vice the acoustic <ceater of the
array. The end result is a position in terms oi the overall
ranje coordinate systen, These transformations are not
given here because they are used after the estimation of the
initial angle and time, and hence do not affect the accuracy

of those estimates. See [Ref. 3] for further de:cails.

G. DISCUSSION

If the velocity versus depth relationship i5 sacoth ani
estimated accurately, then the ray tracinj procedure is
surprisingly robust with respect to the thickiess of the
layers. For example, if velocity 1is linear versus depth,
and is known exactly, then the exact nydrophore times, ray
transit time arnd initial angyles can be computed [Ref. 4] for
any given sound source pasition. Then thke ray tracing
procedure, with layers as thick as 25 feet and targjets as
far away as 3000 feet, still estimites positions to within
irches of each of the true coordinate values. This seems to
indicate that errors resultiny from position estimation are

19
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not Jue to thz approximation by layers, except pirssitly wkher
there are radical changes 11 the veiocity patterrn witiin
single layers such as freguently occur in layers near the i
water surface. Rather such errors appareatly ar2 Jue aostl’
to inaccuracies eithker in the estimation oI the speed ol
sound proiile itself, or in the initial angle and transit
time estimates. This study will focus on those 2rrors which ;
are involved in the time values observed at the hydrophornes,
and atterpt to produce methods of initial anjle and transit

tine estimation which reduce the effects of those errors on

a—a

he overall position estimation procedure.
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A. BASIC CONCEPTS

The nmetihod currently used for estimation of an initial
angle and ray path transit time focuses or the IZour sgher-
ical e€guaticns (t.1) given in Chapter I. As previousiy
discussed, these eguations have noc exact solution because:

1. they form an overdetermined systea oI £four eguations
in three unkncwns;

2. the time values recorded at the aydroph>rnes may be
ipnacurate due to unknown sSources of error in the
cbservation process; and

3. even 1if the time values were exact, they corresponid
to a nonconstant velocity profiie, and so will not be
te correct for the constant velocity geometry (spher-
ical wavefront) assumed by the ejuations.

As previously mentionel, the psuedo solutidon chosen ty
tiie current method is to subtract the fourth sgharical ejua-
tion from each of the first three, and solve the resulting
system of three equations in three unknowrs. This method
has the teneficial gquality that informatior is r2tained from
all four hyadarophones, whereas to just drop the fourth ejua-
tion (or any one of the eguations) withouat the 1nitial

subtraction would cause conplete loss of the irformation

from the data recorded by one of the hydrcophones. Yowever

it is important to realize that tue solution thus obtairei

does not actually satisfy any of the origiral zfour

TR SRS S 2

ejuations.
It should be noted that the development of tiis solution
in [Ref. 3] 1is done entirely from a4 geometrical foint of

view, and does not mention the system of folr spherical

21
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esuations. The text of [Ref. 3] loes not draw i1ttention to
the fact that tne sclution Jeveloged is just one of amany
Fiausikle <choices, rore of whicn will satisiy all Zour
spherical ccrstraints. Therelore the solutiol chLoser 15
treated as though it were the exact solution, only sulbject
to errors in the observed hydrophone time values. However,
even with exactly correct time values, tals currently

eaployed method will not yield the true elevatio>n angle and

ray transit time. This is due to the assumption of a
constant veliocity vice the true nornconstant velocity
profile. This conflict introduces an automatic tias in the

initial angle and time estimates «currently used for rav

tracing.

B. CCMPUTATIONS

To simplify notation, let (X,Y,2) be the cod>rdinates of
the apparent position which was formerly denoted (Xa,Ya,zZa)-.
Then when the current solution is applied, the first step is
to subtract the <fourth equation from eaca of the other

three, which produces the equations (2.1).

(% -0/21% = (x+p2)% = 2 (22 o2,
, ¢ x (2.1)
.
(v -0/21° = (v+p/2)° = v2 (=2 222y
c Y
(z-0212 = (z+p2)% = & (212,
c Z

The solution to these are easily ouvtained, as in (2.2).

2 2 2

X=YJ(T,~-TX)/2D
- 2.2)

2 2 (

Y = v T ™
€T ‘y) / 2D

- _ 2(2 2
¢ = e T, ) /2D

Then the initial elevation angyle estimate is (2.3).

/ ) - )
=  arcsin <Z/\/ ¥y o+ z7 (2.3)

I
t
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The ray patn transit tiae to the acousti: ceater 1is
(2.4), waere % and Rc dre as Jefirned in Chapter I by (1.4).

b=

- n /
T = TC = e (2.4)

Tkis metlhiod .of determining tiLe apparent position snail
Lereafter be referred to as the 'Navy Metnod', or 'NAVY' for

short.

C. ALJUSTMENTS TO THE ORIGINAL SCLUTION

ZXxperience has shown that the NAVY method produces an
apparent position estimate which usualiy <can be improved Hv
aL adjustment which is described in this section.,

The cosire of the anjle between the i-th axis and the
straignt line from the origir out to the apparent positiorn
is called the i-th direction cosine Ci. It is a Ifact of
geometry that the sum of the sjuares of the three directiorn
cosines must‘ggual unity. Therefore the mwmethod is row
adjusted to reflect that constraint.

The direction cosines useld are the angies nade by the
ray path at the ¢ hydrophone. Therefore the (X,Y,Z) cocrii-
nates calculated by the original method are first translated
to coordinates referencel to tne c-phone as the temporarvy
origin, as in (2.35).

= = 2 Z=Z+D2 -
xc X + D/2 YC Y + D/ c / (2.5)

Therefore the three direction cosines ar: Jiven by

(2. 6) .

c, = ¥ v T c = = z VT
X c / c Vi Yc /v Te cz c / c (2.¢)

The dencainators in (2.6) are all VeTc beciuse that is
the range from the agpparert position to the ¢ hydrorhone, as

estimated by the time froa the ¢ hydropaorne. Idealily tunese

23
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coslnes sicuil adl to unity when sguared. Tner2fore 1 LCC

is the 'direction <c¢csines correction' <factor derined b

(Z.7), then DCC should be close to orne.

2
LCZC = ‘\CX+C +

t

(]
Nt

(2.7)

<

Ceviatior of OCC tfrom unity is intergreted as arn indica-
tion oI receiver tieing errors, array maliormatich or
irnvalid data at one or more or the nydropnoies [Ref. 3
p-C-313. Currently 1if DCC lies outside tae interval
(0.98,1.02), the data is discarded as being excessively full
of error. The direction cosines orf the remaininyg acceptacrle
deta foints are rescaled using (2.8) to assure satisfactiorn
of the direction co<ines constraint.

' = ¢/ DpCC C' = ¢/ sco o= ¢ ole
. X y y/ CZ "‘Z/DC" (2.8)

A corrected set of new coordinates are :omputed kv

(2.3), still being referenced to the ¢ nydrophone.

<
]

3

(@]
<
|
<
3

)
t3
3
)

0
(8]
x
9]
0
2
0
*
0
No-

(2.93)

T“hese are then tramslated Lty (2.10) to «coordinates
referenced to the accustic center.
X = v -0/ v =Y - D/2 Z2=12_-2D/2
c o/ c / c 4 (2.10)
This adjusted method of determininy the aprareant gcsi-

tion shall hereafter be rerferr2d to as the 'Navy Adjusted
Method', or 'NAVY_A* for short.

D. DISCUSSION

When a sound source 1is within the Jetection range of

more tharn «cne sensing array, each array produces tiaLng

=

data. Tne data from each array can be processed to prcddce
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a positicr estirate, Tieally these nuitiple estimates ol
positicn will Le in reasonally close ajreenent. However
experience with actual tracsiaj data has shown :hat this is
not the <case imn many of the multipl> detection ogfportiLi-
ties. This tendency toward disajreement Dbetween aultiile
estimates of the same fosition is commonly called the cross-
over, or crosstalk, probiem. This problemn oftern occurs when
the sound scurce is moviuy away from the tracxing domain of
OLe array into the tracking dJdomain ol another. This study
focuses on izprovement of the initial anjle and time esti-
rates, wnichk hopefully will help alleviate the crossover
Eroblenm.

The current <chcice of a ‘'ftest' coapromi3e solution
appears to be based on reasors of simpiifying geometry and
calculations. These are worthwhile oo jectives, »put do rnot
in theaselves reflect the need to estimate accurately tiae
initial elevation angle and ray transit time. Since taere
exist physically correct values for both the aigle and the
time, those values will produce the exact position aiter ray
tracing, provided that the velocity rprofile 1is known
exactly. The cesire then is to estimate these true values
as accurately as possible.

The question at this point is whether or not the direc-
tion cosires 3djustment causes the estimated apparent fosi-
tion to te closer to the true apparent position. Experience
has indicated that it does [Ref. 3 p.C-71. However the

effect of the adjustrent can be 1interpreted in terms of the

orijginal four spherical ejuations (1.1). The rescaling of
the directicn cosines given Lty (2.9), SO as to assure that
their sqguares add to unity, is ejuivalent to rescaling the

guantities in (2.5) S0 as to assure that theilr sguares add
to (VeTc)2, That 1s exactly the cowstraint stated by the
fourth srherical eguation of (1.1). So the effect of the

Iy
adjastmnent 1is to rejuire that tne fourta eguation,

4
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concerning the data at hydrophone ¢, 1is exactl; satisiied.
This rejuirement will, in general, assure that the cther
three eguations are nct satisfied. Since experiernce shows
that the adjustment cften improves the soiution, this secens
to imply that the fourth -eguation 1is sonehow mo- € important
than the other taree. Or it may just Le that exact satis-
facticn of ora2 of the eguations usually assures a reasorakily
gool ccmpromise solution.

T¢c sumrarize, the NAVY metnod provides a useatle
arparent position suitacle as input for ray tricirng. But
the directicrn cosines adjustment used in the NAVY_) methced,
for reascns not understood at *his time, appears to imgrove
tocat position as indicated by test results. Ti10se results
are supported by the results of this thnesis (see Chapter V).
However, as will be demonstrated by the exaaple considered
in the rnext section, the DIC correction factor ol the NAVY_A
method has an e€ffect which must Le soamething more than just

the smoothing of timiny errors.

E. A COBPUTATIONAL EXAMPLE

For the purposes of illustration and comparison, Sufppose
that a 30 foot sensing array is at a depth of 1300 feet,
that the coordinate =system origin is at the array acoustic
center, and that the array arms are parallel to the coordi-
nate axes. This implies that the four hydrophones are irn
the positions:

: (15, =15, -15)
: -15 , 15 , =15)
: =15, =15, 15)
: (=15, =15, -15) .
If there is a sound source known to be in position
{ 1000 , 3209 , 902 )
then the depth of that source is 1500 - 990 = 40) feet.

O N < X
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Figure ..1 shows the estimated sound veldosity preiile
which was estimated for the data usel in the course of this
thesis. AS zarn be seen, the prorile 1s primarily linear at
depths yreater than 100 Zeet. The profile at ded>tns greater
than 100 feet 1is reasonably approximated by the linear
relationshirp

VvV = 4840.7 + 0.03314 e DEPTH .

Therefore suppose that 1n tnis example ©problem the
velocity profile is known exactly, anl is given >y the apove
linear relationship.

OUnder these circumstances, Wwitno known lin2ar velocity
proiile, and known sound so>urce location, the exact times of
arrival of the sound wave at the four hydropkones can be
conputed usiny the methods set forth in Appendix A. Those
exact times (in seconds) are:

Tx : 0.6779686893 Ty 0.67422577¢€8
Tz : 0.6782243197 Tc 0.6798324156 .

The corresponding exact values for the initial elevation

argle, ray trarnsit time and resulting apparent J2osition are
also directly computakle. Those computations will hereafter
be be kxnown as the EXACT method, and will bproduce the
correct true position after ray tracing. The results of the
EXACT method are given in Takle I, along with the ccorre-

spondin, apparent position estimates produced waen the two
methods, NAVY and NAVY_A, are applied to the (errorless)
tine va.ues.

@ At first glance the differences 1in Table I migat seem
rather small, However it is important to recall that these
are produced under the ideal conditions of a very smooth ani
exactly known velocity profile. These idealizations are far

° from the realities cf a nonlinear velocity profile which is

es. rated by a procedure involving errors which are unknown

and prokably significant. Such reiaiities migh: well cause
the differernces in Tatle I to be signiiZicantly larger. The
®
3
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TABLE I
Single Examﬁle Comparison of
N AVY

VI and _A dethods
Trarsit Iime Slev. Angle
Method TeYseEs) T 17 7degsy
NAVY 0.675269¢69 15. 26459
NAVY_A 0.67527027 15. 264061
EXACT 0.67527043 15.27002 !
Apparent  Position  Estimate
NAVY ( 1005.957 , 3017.874 , 868.143 )
NAVY_A ( 1006.087 , 3018.259 , 8638.255)
EXACT ( 1005.966 , 3017.833 , 868.555 )

nature arnd size of those differences remain difficult to
determine urtil wore is known about the the velocity proiile
estimatiorn errors and their effect on the position esti-
mating process. In any event even the small differences in
Table I might ke magnified during the ray tracing pLOCeSS
under the conditions c¢f a realistic velocity profile.

The differences illustrate the very important point that

Y the directicn cosines adjustment causes changes ih the esti-

mates even when the time data is free of all er:or. Herce

the deviaticn from 1.0 of the correctior factor DCC is not

just due to array malfunction, receiver timilg error or

v

other sources of non-valid data as previously assumed.

OO e

In the example above, the NAVY_A nmethod produced a

o siightly Ltetter time and angle value than the {AVY method.
However, 1in this same example the NAVY_A method produced an

. apparent position estimate which 1s sligntly farther away
r fronm the ZXACT answer taan the position esticrated by the

29
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NAVY method. This is oniy one examzple, and its results
should not ke generalized. However it i1llustrac:s the point
tnat aprarently the true effect ol tne adjustment may not be
well understood.

Furthermore, the adjustment seeas to >5lace theavy
eapnasis on the time value recorded at tylrophone c.
Therefore the effect of the adjustment may well depend
largyely on the accuracy of that one particular data value,
which 1s a relatively unbalanced Je endence in the preserce

of data errcrs.
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IIT. PLANAR SAVEFRONT MODELS

A. TBEE PLANAR WAVEFRONT ASSUMPTION l

Wwhen a sound wave travels in constant veloci:y water, it

Yi

expands in the shape of a sphere. If the velocity proiile
is varialkle instead, but is reasonably well behaved versus
depth, then the expanding wave is a smooth Jdistortion of a
spherical surface. In eitaer case, if the wave Las
travelled a long distarce when it arrives at a hydroghornic

NPT . [PV & St

array, then that small piece of the wavefront +hich passes
through the 30 foot cube spanned by the array may be apgrox- L

imated reasonably by a flat planar surface. This approxima-

tion is the basis of the planar wavefront models developed
in this chagpter.
Be PILANE ECUATIONS

A plane 1in space is fully defined by ideitifying aay
point (X0,Y¥0,Z0) on the plane, and also a vector (C1,C2,C3)

BRI "

of unit lenyth which is perpendicular to that plane. The

vector 1is called the unit ©pormal vector for that plare.

Then any point (X,Y¥,Z) on that plane nust satisfty the egua-

e a®

tion of the plane, narely (3.1).

c, (x- Xg ) +Cy (Y - Yo) 4 c; tz-2,) = 0 (3.1 »

g w—‘.ﬂ,',.__,‘_,‘-'v v

The perpendicular distance from the plane t» ary point

(£1,Y1,21) not on the plane is the absolute value of (3.2).

C) (%) =Xy ) +Cy (¥ =¥ ) +Cy (2 =25) (3.2) °
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C. BASIC ACDEL EQUATIONS 3

Consider a coordinate sSysten whose origin 13 at hyiro-

T

gcone c, and whose axes are alijred wita the tihree arrav
arns. Let C1, €2 and C3 be the direction cosires on th= X,

Y and Z axes respectively for the vector from tae orijyin to

the aprarent sound scurce jposition. Tuen (C1,C2,C3) 1is

,!L'A‘..’An -

itself a vector, of unit lenyth, whica is perpendicular to
the planar wavefront ewanating from the soi1nd source.

Therefore (C1,C2,C3) <can te used as the normal vector for

the wavefront plane.

In the coordinate system referenced to the c-phore as
the origin, the acoustic center aas coordinates (D,2,D)/2,
where D is the length of an array ara. khen the soundwave
plane arrives at the acoustic <center, it will have the
edquation (3.3).

Cl X + C2 Y + C3 2 = D { Cl + C2 + C3 y /2 (3.3)

The x-pnone has coordinates (D,0,2), and :he distance
retween it and the soundwave plane at the acoustic center is
{3.4), which then simplifies to (3.5).

~

yl<o/2-o)+c2(o/z—o)+” { D/2 - 0)

3 (3.4)
(3.3)

This distance 1is measured in a direction p2rpendicular

to tne wavefront plane, and so is measured in the direction

of travel of tpne soundwave. Therefore the same distance is

aiso €jual to (3.6). #

v(TX—’I‘) (3.6) ]

.
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In (3.6) V i3 the velocity of souand at tae array, Tx 1is
the time of arrival of thLe sound wave at the x-phLone, and 7
is the time of arrival of the sound wave at the acoustic
center. The term "Jdistance™ is ased loosely in (3.5) ani
(3.6), Frecause these quartities may be negative. The true
distances are the absolute values of these guantities.
Since the rnext step 1s to eJuate these two distaices, it 1is
cnly necessary to show that these two juantities always have
the same sign. There are two cases to consider, depending
on whether the first componert of the apparent position is
positive (X>0), or negative (¥X<0). Let (X',0,0) be the
intersection of the X axis with the wavefront >lane as it
passes through the accustic center. Then (3.3) car be used
to solve for X', namely

X* = D (C1 +#C2 +C3) / 2 C1.

Now consider the case where 1>0. Then C1>0 1lso, and if

(3. 6) is positive, then
Ix > T
wnich implies that the wave arrives at the acoustic center
before it arrives at the the x hydrophone. Therefore, since
X>0, the plane at tle acoustic «center will intersect the X
axis at a pcint beyond the x Lydrophone, or X'>D, and hence
X* > D => (C1 +# C2 +C3)/ 2 <1 > 1

=> C1 +C2+C3 >2:2c1 (sincz C€1>0)

=> =-C1+C2 +C3 > 90

=> (3.5) is positive .

A parallel argument aprlies for the case of ¥X>0, thus
estapnlishing that (3.5) and (3.6) always have the same sign.
Eyuation (3.7) is the result of eguating these two
guantities.

-C, o+ c, + C3 +(2vT/D) - (2% Ty / D) = 0 (3.7)
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For convenience, let K = 2V/2, and then apily the saae
logic to the listances of the y, =z, and ¢ avdrophones fron

tae wavefront [rlane as it fpasses throuyli toce acoustic

center, to obtain the egquations of (3.4).
C, = € - & -KT + K T, =0 .
(3.2) :
-C + C, - ¢C - KT 4+ KT = 0 -
- ]
e - ~ - ¥ - - 4
¢ C, + G4 KT + KT, = 0 ]
c m - — .
Cl + G, 4 C3 + K T K Tc = 0 9
The system (3.3) 1is four equations in four uiknowns, and 4
. . . ¥
is the planar model's version ©of the eguations (1.1). The 1
unxnowns in (3.8) are C1, €2, <C3 and T. HYowever there 1s
the additional constraint that C1, C2, and C3 ace direction
cosires, and therefore the direction cosines constraint i
(3.9) is a f£ifth equation, creatiny a a system of five egqua- 7
tions in four unknowns.
2 2 2
C + C + C = 1
1 2 3 (3.9) 4
Generally there is no set of values (C1,C2,23,7) which
will satisfy alil five equations at once. This is because of
the realities of a nonplanar wavefront and the presence of

timing errors. The next section developes a method that
produces set of values for the unkxnowns which is intended to

satisfy those eyuaticns reasonably well.

D. HMINIBIZATION OF SUM OF SQUARED ERRORS

Let £i, (i=1,2,3,4) be the value of the lelt hand side
of the i-th ejuation of (3.38). Then Ei measures the amount

of error in the i-th equation caused by tne chosen solution.

It is imfossibvle to have Ei=0 for all i=1,2,3,4. However
sowe ccamprosise may be made. Specificaily th2 comprorise
é chosen here is the classic @minimization of (3.10), the sum
7 of squared errors.
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dinipization
cosine ccnstraint (3.9).
piier technique [Ref. 5 p.55] calls

(3.11) over all possible choices of C1, <C2, C3, T ard -]
lambda. ;JH
4 3 .
2 2
L = Z N - X<Z Ci - 1> (3. 1) >
1=1 1=1 ]
Taking tne partial derivative of L with r:2spect to T
yields (3.12).
4
gl&i = 2: (-2¥. E.) = -2K ( El + £2 + £3 + E, )
orT i=1 * (3.12)
= 2K[-2‘(T+K(T1+T2+T3-T4)]
Zquatinyg (3.12) tc zero and solving for T yi21lds imnedi-
ately the arppropriate estimate (3.13) of T, the ray transit
tine.
T = _}_ (T, + 7. + 7. -T )
2 1 "2 '3 s (3. 13)
The partial derivative of L with respect to C1 is
(3.14).
L
= 2 (E, -E, -E_ +E, ) - 2>\C
9¢, oz ! (3. 14)
= 2 [cxc:l +2KT 4 K (T -T,-T,-T, ) - >\C1]
If (3.13) is used for T in (3.14), then (3.15) results.
aL - 4 laal lapd ]
== - 2 [ta-Ne +o2rin -] G5

2

2
: + E (3.10)

3

1

to

+ E

1
]
is to Le done subject to thk2 airection _‘JJ

Application of the layrange multi-

for the minimization of l
"
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If the same procedure 15 used for tae par:zial Jeriva-
tives of L with respect to each of C1, <2 and C3, ard ail

are equated to zero, then the results are (3.16).

(4-)N\'c, = 2r (7, -7 ) i=1,2,3

i 4 i (2. 1o)

In order to solve ror the lajranje onustiptier lamklia,

square poth sides of the three equations of (3.16), and add

the resultiny eqguations together. Then use the sum of
syuares constraint (3.9) and solve for liambla tc yielld
(3.17).

> .
A -4t 3H[Z<T4—Ti>"] (3.17)

Substitute (3.17) in (3.16) and simplify to oktain the

apprcyriate estimate cf Ci, namely (3.18).

T, - T.

_ 4 1

c. = i=1,2,3 (3.18)
3
2
Y (T, -1
5=1 ’
The choice of sign in (3.18) 1s determinel Lty the fact

that Ci is positive if and only if the sound wav: arrives at
the i-tk rhone before 1t arrives at the c-phone, which in
turrn implies that (TU-Ti)>0.

E. THE LEAST SQUARES METHOD

In summary, the first alternative method for determining
an apparent position starts with estimation >f the ray
transit time to the acoustic center by (3.19). Then the

apparent position estimates are coaputed using (3.20).

1 2 3 4 (3. 19)
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This method shall be nereafter referred to as the 'least
Sjyuares Method', or 'L.S.' Zfor short. The apparent advarn-
tages or the L.S. method are that:

1. all four hydrophone times have ecgual +eight in a
sinple expression for the ray transit time T, rather
than using an expression so heavily dependent or Tc
as in the NAVY and NAVY_A metaods;

2. the Jdifferences of sqguared time values +hich appear
in the soluticns of the NAVY methods are avoided in
the L.S. method, thereby lesseniny tae tendency
toward computational roundoff probleams;

3. the direction cosines already add to unity when
squared, reguiring no arbitrary adjustmen: ; and

4. ccmputation of the initial angle allows cancellation
of several terms, resulting in the sinple expression
(3.21).

B o e : 3.2
A = arcsin ( T, = Ty )///W//;;l( 'I’4 ~ Tj ) ( 1)

F. BIAS IN THE LEAST SQUARES METHOD

Unfortunately a pctentially serious jproblem exists with

the L.S. met hod. That concerns the consejueices of the
assungticn of a planar waveiront. The effect 1is difficult
37
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to Jderive explicitly becaase it 1s diZficult :o deterzine
thie true shape of a wavefrornt corresponilsg to a2 noncornstant
velocity yrorile. dowever 1f it 1s assumed tnat a sSo.erical
assumpticn 1S more accurate the planar assudz:ion, tonen %L
rias can be estimated rouzhly, and then suabtracced Zror tue
original L.S. positichn estimate. This 1s still a 31:Zficudit
Froblem kecause, as previously discussed, th2 Iour lasic

spherical eqguations themselves have no exact soluatiorn.

Nevertheless, as a roug. estimate of the Lias, the
foliowing procedure is used. First estimate :he aprparent
position -y the L.S. method. Tnen calculate the straight

line distances from that position tc each of th2 four array
nydrophones. Divide thkose distances by the velocity of
sound at the array tc obtain tne corresponding t iaes. Jse
these times to recalculate tae appareat position usiny tre
L.5. method again. The 2ifrference between the >rigiral and
recalcualted L.S. positions roughly measures the error that
would te made by the l.S. method when it is applied to tne
time values wkich «correspond to a spherically spreadiny
sound wave whose source is ir the vicinity of the original
apparent position. Therefore this differernce cail be used as
a bias vector which can te subtracted froam the original L.S.
solutiorn. This bias correction is the basis of the method

set forth in the next section.

G. TBE LEAST SQUARES CORRECTED METHOD

The secord alternative method for estinating an aprparent
position is as follows:
1. <calculate the afpparent position P1' by using the L.S.

methcd;

[

. calculite the distances <rfroa that position to the
four hLydroplcnes, and coavert them to times by
Jdividing by the speed of sound at the array;
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2. use the new times to calculate a rLew aprarent fosi-

tion 22, using trne L.S. aetsol;

4. Ccalculate the Jdiiference vector P2-21 (see ZIijure
3.1y, and sukbtract it from the original position 21
tc ottain the corrected rposition P

p = Pt - (22 -21) = 2PV - BZ

5. finally adjust the ray transit time T calculated for
the original position P11, by 1siry the propcrtiornal
transiormation:

T* = T * & / R1

where E 1s the rarje to the new position ?, and E1 is

the ranje tco the origjinal fositiorn 21,

Recalculated
Z.S. Estimate

— T
&2 = rl

Oriziral L.S.

Estimate

\ =

\—E

\

\

______73 Adjusted L.Z.C.
v Estimate
- o =

~ =Pl - F
Array
Center

Figure 3.1 Bias Adjustment for the L.S. Method.

This method shall hereaiter be referred to as the '"lLeast
S,uares Corrected Yethod', or i.3.C. for short. The groper-
ties of the L.S5.C. method, like taose of the NAfY_A method,

are not well understced at this time. It is offered only as
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alternative which may ccabiae the tLtereficial properties

o]
i

the L.S. and NAVY methols, namely that it will:

1. estimate a ray transit time value e ually dependent
or all fou. data times, therensy szootiing out exces-
sive error in any one of the time values; arl

2. reflect the spherical wave assuzption, believed to
provide a @more accurate description than tae plarnar
assumption.

For tarjets at a range of 3000 feet, the langth of tae
error vactor PZ2-P1 varies from 0 to as much as 10 or 11 feet
(see Table II). The error vector lenjtns seea to be Jde¢pen-
dent c¢cn koth azimuth and 2levation angjles of tha target frox
the array. These patterns indicate a potential for Zurther

investijation to relate estimation erroaors to suzy variatles.

H. MAXIMUN LIKELIHOCL CALCUOLATIONS

Cne shcertzoming c¢f all @methods described thus Zar 1is
tnit ncne oI thea can ke used to produce an estimate of the
underlyiny error in the time data values. The method set
forth ir this secticn is a first attempt to estimate that
noise, and 1s again based on the assumption of a planar
wavefront.

Let 71 ke the time recorded <froa bty i-th hydrorphone.
let Ji te tne true time which, wunder aksolutely error Zree
conditions, would have been recorded at tue i-th hydrorhone.
An assunpticn of Gaussian noise is now made, nam2ly tnat

i = Ui + E1
where thne Ei are 1ndependent ilentically distributed noczal
random variables with mean zero and variance 32, Therefore
the T1i (1=1,2,3,4) are aiso normally distributed with the

same variance, but with means Ui (i=1,2,3,4).
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Now let Cj be the j-th direction cosine (j=1,2,3). Then
geometrically, using the assumptior o0f a planar wavefrornt,
Cj is given by (3.22), whare V is tane sgeed cZ sound at the

array, and D is the array dimension (30 feet).
C = V(U -U‘),/D (3.22)

letting U = U4, then (3.22) can be solved for each Uj in
teres of U and Cj, as in (3.23).

Uj = U—DCj /v (3.23)

The protability density of each time value 7Ti is given
by (3.24).

1 .
—_— i i :
™ = 3.24
£.(T) f;;?‘ 5 exp I ( )

Using (3.23) in (3.24), and multiplying the four densi-
ties togyether, the likelinood function (3.25) is formed.

AN [ -1 1
o2 (T, = U+ DT
i=1

= — | exp
0 \/5__': {-ES

In (3.25) C4 has been used fior notational :onvenience,

2 (3.25)

-

and is defired to be zero. Then tae loy-likelihood function
is formed by taking natural logs of (3.25), yieldinj; (3.26).

J
Al 0
L, = -21n277) - 4 1a3) - ——= ) (T -UsD2 VT (3. Z6)
oo =1
- S 1=1

Since the values of the Ci are to be direction cosirnes,
the usual direction cosines constraint must be adcded to L1

to form the lagrangiar function L2 given in (3.27).
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'_: = L, - }\ l‘tz (_:f) - 1} (3.27)
. 1=l

The okjective 1s to maximize L2 over tie Gfpossi:tle
choices c¢if C1, C2, C3, U, S and laakda. Ignoring S Zor the
morent, maximization of L2 car be acheived by minimizatiorn
of L given ir (3.28).

1 4 >
L= 2 ;g;(ri - U+ DC V)

W

Take partial derivatives of L to gJet (3.29) 1nd (3.20).

oL 2D
a(‘ T (Ti - U + DCi )y - >\Ci (3.25)

4 3
L 2 T - 40 + D C
= 2 _ 4 c. (3. 30
du i; t v ;l * )

Egﬁate (3.30) tc zero and solve for U to obtain (3.31),
tie maximum likelihood estimate for the time at the ¢ hydro-

Fhone.
4 D 3
- 1
U= 2T LS / (3.31)
]:l - 3:1 -
Eguate the three ejuations of (3.29) to zero, and

multiply each equation by Ci respectively, to ob:ain (3.32).

2 z D 2
¢t = =T . - o o+ =T R
>\ i v ( i 71 k< v k'1) : <res2 (3.32)

P

Add the three equations of (3.32) toygyether, and use the

directior cosine constraint to obtain {3.33).

\ - ——;l[ J (3. 33

Eguation (3.34) results when (3.29) is egquat2d to zerc.

o

D
v
1

3
T.C. - U E:c. +
11 1
1 1=1
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C = —————eens i=l,:,3 (3.3’4)

Supstitute (3.33) into (3.34) to optain (3.3%), the
naximum likelihood estimate of the direction cosirnes, where
U is the estinate calculated by (3.31).

T. =~ U
¢, = — (3. 25)

3
;gAchj - U

As the reader will perhaps have anoticed, tie eguations

~
~

y 3

‘Itr‘/]u1

of (3.395) define each of the unknowns Ci in terms of all
three unknowns. Such a structure suggyests that (3.35) «can
te used as an iteration function. That is, 1 reasonatle

initial values are used for the three unknowns in the right
hand side of (3.35) then new values are produczd. Repeat
the process using the new values until the answe: stabilizes
within acceptable tolerances. Although <convergence to the
correct solution 1is not guaranteed, the method has never
failed for the egquations of (3.35}. Unlike the L.S. method,
(3.35) dces not have any known closed form solution.
Returning to the standard deviation S, take the partial
derivative of (3.27) with respect to S to get (3. 36).

4

L -4 1

2 o] = -—S— + ——3 Z (Tl - U +_\?—Cl )2 (3‘36)
S =

Multiply (3.36) by S3 and solve for 32 to get the

paximum likelihood estimate of the variance, given by
(3.37).




I. THE MAXIMUM LIKEIIHOOD PLANAR METHOD

In summary, the third oaetnod <for estimation
ayparent position is as follows:

1. let U = TU initiaily;

for Ci, (i=1,2,3), using (&e321);
3. use U and Ci (i=1,2,3) 1ic the right harnd

4. recalculate U, using (3.31);

the c-phone, using (3.38);

X = vV UycC = Vv C = vUC
c 1 Yc uc, z_ VU Cy

defined by (1.4) in Chapter I.

estimate. However subsequent experience with the

least two factors:

f 45

or an

2. use the L.S. method to calculate the initial values

side of

{(3.35) to obtain new estimates for Ci (i=1,2,23);

5. reiterite steps 3 and 4 until tue values Ci (i=1,2,3)
and U converge within acceptatle toleranc:zs;

6. calculate 52, using (3.37);

7. <calculate the estimated apparent position relative to

(3. 38)

8. lastly translate this solutior and its cyrresponding
time estimate to a solution and time relative to the

acoustic center, using (3.39), where R and Rc are as

X = X + D/2 Y = Y + D/2 2 = 2c + D/2
¢ ¢ (3.39)
T = UR /R
o4
T"his method shall be herearter referred to as the
tdaximum Likelihood =Zlanar MethodY, or M.l.P. for short.

Criginally the hopes for this method were ratner high, esge-
cially since it was the first method to produc: a variance

nethod

indicates that it grobably suffers significantly from at

1. the planar wavefront assumption [probably builds in a
position bias as in the case of the L.S. aethod; arid
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2. the variance estimate 1is infilated since part of the
noise bein, aeasured 1s due to the irnade.uacy of the

planar assumption.

J. COMPUTATIONAL EXAFEPLE

for a quick comparison, the <thfee avtnods levelofpel i
this chapter are now applied to the example which was used
in Chapter 1II. The EXACT results caiculated previously are

includeé 1in Table III for comparison.

TABLE III
Single Example Comparison of
[. Plapnar Wavefront Methods
. Transit Time Zleyv. Angle
| Method I (=ecs) 4" {degsy
L.S. 0.67529319 15.22793

15 lL.S.C. 0.67527149 15.26372
j M.Ll.P. 0.67529007 15.10437
i
- EXACT 0.67527043 15.27002
éi Apparent Position Estinmate
) L.S. ( 1003.809 , 3019.751 , 866.116 )
4
: L.S.C. ( 1006.089 , 3018.266 , 868.235 )
t M.L.P. ( 997.722 , 3023.685 , 859.355 )
° EXACT ( 1005.966 , 3017.899 , 8€3.555 )
a
E
’. As can te seen easily, the M.L.P. method I ares rather
‘ Foorly in all regards, even worse taan the L.S. methed.

This will Lbe confirmed by the evaluations made in Chapter V.

Also wcrthy of note is the apparent tendency oI the L.S.C.
@

u6

o
e e e T A A R

o AP atat

AT — e, )

9= I




R

AR '

S o e

method to <correct the L.S. metnod Lack toward the exact
solution. The evaluations of Chapter V will confirm that the
L.S.C. mnpethod almost always yields a tetter s>lution than
tke original L.S. solutiorn.
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IV. A SPHERICAL HWAVERFRONT MODEL

— e m R e—m—mmmEm .o o= S

A. TBE SPHEEICAL WAVEFRONT ASSUMPTION

All the modeis developed in <Chapter III i1re limited
primarily by the assumption that the wavefront is planar
upon arrival at the hydrophone array. In this <chagter a
mod=1 is developed under the assumption that the waveiront
is sgherical ugon arrival at the array. If the sound
velocity prcfile were constant with depth thern the spherical
mod=el would be exact. This 1is of course not the case, but
it is suspected that the wavefront is better modelled as a
sphere than as a plane because that small piece of the wave-
front waich passes through the 30 foot cuke spanned by the
array is locally spherical. That 1is Lecause erery part oi
that piece travelled through approximately the same regjions
of water, experiencing the same general rajyteniiig pattermns.

The spherical assumption is accurate if and only iZf the
speed of sound 1is ccnstant over the ray path, and consej-
uently the origimal four spherical eguations agply ornce

again. They were:

(x-p2)2 4 (vspn2)2+(z+ b2 )2 = el
2 X (4.1)

(x+0/2)°+ (v-p/212 4 (2+p2)% = 22

y

(x+2/2)% 4+ (v+0/2)2+ (z-0p/2)2 = V:Ti

( X+ D/2 )2 + (Y + D/2 )2 + (2 +0D/2 )2 = V’Tz

It has reen stressed previously that there 1is no exact
solution {X,Y,2) satisfying all four eguations (}.1). That
is because the time values on the right hand side correspond

to the reality of a variable velocity profile. However, 1if

tne spherical wavefrcnt assumption is to be accu-ate, then a




constant velocity is the assuned case, ard any irnacuraciles

in the +time values are regarded as lue to timin; errors
cniy. Therefore, urder the spherical assunption, 1 the
trae time values Ji (1i=1,2,3,4) were known andl sufbstitutel

into (4.1, an exact soclution to the overdeternmined systea
would pe realized. in that case a2 solutiorn to ary three of

the ecuaticns would also te egqual to tuat unijus exact solu-

tion. In particular, tne JAVY solution of Chapter II would
be the true solution. Tnarefore in teras orf trne ccoriinate
system referenced to the ¢ hydrophorne, { woull te given br
(4.2) .
x2 R 2
D N 2 2
© s Tt TE TR (4.2)
However, X 1is also jiven by (4.3), wher: C1 1is the

directicn cosine along the X axis of the vector frcm the cC

hydrogphone to the sound source.

=vUC (4.3)

The time value of irterest at the moment is J4, the time
at the ¢ hydrophone. Thererore let U = U4 for clarity of
presentatiocn, and then ejuate the expressions irn (4.2) and
(4.3) in order to solve for U. If this same liygic is aiso
applied to the similar expressions for the distances to the
Yy and z hydrophones, the results are (4.4).

1
[

- ~
u, = \/U - (2DUC, V) + (D/V)”7 i '2.3 (4.4)

The expression (4.4) will be wuseful in the develcogment
of the model 9f thls chapter.
B. LEAST SQUARES MOLELS

A direct approach mijsht be to apply the 1l:ast sguared

error technigque to the spherical eguations, 1D 4 Tanher
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paralleling that used on the four pianar eguatLons oI tne
1.3. model in Chapter III. However the fcrmulae and egjua-
tions that result are exceeldinjly complex, lnvolve ZIourth
degree gcwers oI the data vaiues T1i, and have thus ZIar
defied all solution atteapts. Thererfore tils 132a was asan-
doned in favor of the waxinum likellihood approach wnich

follcwus.

C. MAXIMUN LIKELIHOCL COMPUTATIONS

As in the M.l.P. model, Gaussiaian noise 1s assumed ror
the time Jdata values. Therefore
i = Ui + Ei i=1,2,3
where the Ei are independent identically distributed nc

ry
£3
[y}
b

8]
m

rangom variables with @nmean zero aad variance 52, 1:

density of each Ti is therefore (4.5).

) = LA Pt S PR T I >
ity v:ﬂ's b 233 Ty i) i=1,2,3,4 (¢.5)
70 <Zforx the 1likelihood function, nultiply the rfcur

densities together, to obtain (4.06).

. _ ( 1 N r—l v-l‘ " n

I O Il el U (4.9)
\\/-/( % -

Forao the 1oy likelinood rfunction o; takiag rnitural loga-

rithms of (4.6) to oktain L1 of (4.7).

mn

1 S S 4

l
= T
-z J il
L

1 " 2 >
L = =2 1a{270) - & 1n(3) -—~——-rz (T =L))o+ (T.-U) ] (4.7)
In order to maximize L1 with resgect to C1, €2, <C3 and

U, it is sufficient tc¢ minimize LZ of (4.8), where a suksti-

tution for Ui has been aade using (4.4).
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Now add the usual dirsction cosines cornstraLnt arnlil forc

the lagrangian rfuncticn I of (4.9).

3 e

ZCZ -1} (4.9)
For notational ccnvenience, let Ki be given by (4.10).

, - o 2 .
K, = " - @Dy C SV + 0/V) i=1,2,3 (4.10)

Take the partial derivative of L with respect o Ci to

get (4.11).
D 2 ma - Ki) o
3%, . . >—2}\ci foa (4.11)
Simplify (4.11) and ejuate to zero to yieid (4.12).

ps }\\7

dultiply the three ejuation in (4.12) Dby Ci (i=1,2,2)

t
t

b
to
(o8]

{(¢.12)

respectively, and add then togetner. Thzr use the
E‘] constraint on the sum of squares of the direction cosines to

ovtalin (4.13).
(4.13)

3
)\ - e s7T =~ >
r ' X ;K [+

o 1=1 Vo

Substitute (4.13) into (4.12) to jet the nax.mum likeli-

rhood estimate for the direction cosines, as 1a (4.14).

A ae
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-~ - - v 2 (= 18)
: = N i= 1,2,
NGRS

Now takxe the partial Jsrivative of L with r?spect to I,

as in (4.19).

3 Y A
%i = 2 Z K——f—__—_h\/\’ - >(2U - 2oC '\')J 2=, (4e13)
. : 3

Zguate (4.15) tc zero and solve Zor U to ofktain tre
paximum i1ixelihood estimate of the tize value (4.16) at tine

¢ hydrogphone.

3 =
D B 5 ‘ .
T, T W ch <——— > (4. 1€)

Firally take the partial cerivative of L1 in (4.7) with
resyect to <. Equate it to zero ani solve to get (4.17),
the maxipun likelihood estimate of tne variance.

Pl 1 3

3T = —%—{ E:(Tg - ¥ )T o+ (T, - U)“} (4.17)
RS B ]

D. SOLUTION BY A MODIFICATION OF NEWTON'S METHOD

The solutions given by equations (4.1u4), {(d4.16), and
(4.17) ornce again form a set of equations which would scen
to be solvalle by naturai iteration as in the M...P. metihcd.
Uniortunately this time the technijue falls to converce. A
mathematical tool is needed which is stronger : han natural

iteration. vhat 1s used is a modirfied four dimensioral
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versicn of lewton's Petihod [Ref. 5 p.47] to secirch Ior the

roots 0f a set of four ejuations.

The ¢bjective is to deteramine the values C1, C2, <C3 and
U which satisfy {(4.14) and (4.16). For ructher notatiornal
convenience define the values M ani N as 1in (4.18) ani
(4.1¢).
: T o-af
Mo = E::, . A . (4. 13)
J [
=1 Y

:\.\/'r— (4.19)

Given those definitions of M and N, then tie egyuations

!
Al

aDL_;;;J

[

b VP PRSP

, '
LA

.
PR,

u., —

. . s . o ‘ o
wi.ose rcots are desired can be simplified to (4.20). 1
m - W - .
_ i e 4. 2! 4
Cl = nl(Cl,vz,Cg,U) = 1= 1,2,32 ( ) ]
<K, M ]
1 .}
- DM 1
<, = ‘%
U = h, (C., , T, = —_— ]
1€ Cye 59 1
1 -\
Now define error functions as in (4.21). 7Th:se evaluate )
. - . X . . . L )
the amcunt c¢f error ir €aca oI tiLe e€,1atians (4.20) fcr anv !
1
set of values for (C1,C2,C23,0). !
B i (4. 27) 1
(}4 - - - .l
Let G Le the Zonr Jilensiolas collan vector
{(31%,92,93,94) . Finaiiv le%t P Le  tae DALILX  OL partial -
derivatives of G, as 1L (4.22). :
Newton's Method 1n four iladeasions says that ir L(n) 1s -
a four dimensional vector uwoldiny tine <Cirrent approximate
roots 1,C2,C3 and U, taen L {n+1) will rce an 1aproved
answer, where X(n+1) 1s jiven by (4.23).
L4
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Sy 99, 9% 9%, (4.22) f
S <, 8%, 3%, :
9% 9% 2% a3 »
GP (C,,C,.C,,0) = ) , 2, . '
0% 27 2% 2°:
"1 EPTR R SR :
~ ~ —~ -l
Q% 9 S »
?c, oo, 2, . ,
:
, N -1

Of course it 1is necessary to calculate the derivatives

e held in the matrix GP in order to use (4.23). Tiose deriva-
tives are given in Aprendix B.

> Unfortunately when multidimensional versions of Newtorn's

- Method are applied, there is ofter a tendency for the methol

NE to converge slowly, or even diverge. This 1s recause it

{ tends to overshoot the best answer £or each iteration. To :

o alleviate this problen, a modification is made to the ]

: method. At the end of each Newton iteratioa, Erior to ;

EE proceediny with the next iteratiorn, a Golden Section Search a
.

t [Ref. 6] is performed to £ind the best possiblz answer irn
tne direction of the new iterative solution. Specifically

the line in four dimensional space from X(n-1) of the

- previous iteration to X(¢) of the present i:eration is ?

searched for the best answer. The definition of the ‘'lest! ]
.b. * - 5 . . . - . -
- answer is that point along the search lire whizh @mininmizes

the sum cf squared error functions, namely (4.24).

‘APA

4
K (4. 24)

N .
1=1

PR

"
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The current iterative solution X(n) is the2y given the
value of tke minimizing poirnt resuiting froo tne Gelien
Section Search., Thenr the next iteration of Hew:on's Metlod
is performed, along with another Golden Section S-.arch to

find the next iterative solution X(n+1).

E. THE MAXIMUM LIKEIIHOOD METHOD

In summary, the fourth and final alternatire method to
estimate apgarent positions is as follows:
1. let U = T4 initially;
2. use the L.S. method (£&e321) to initially estirate tae
values of Cj (3=1,2,3);
3. set X(1) = (C1,C2,C3,0);
4. initialize the Newton Iteration counter : I = 1 ;
5. <calculate the values Ki, 4 and N in accyrdance witn
egquations (4.10), (4.18) and (4.19);
6. calculate tne error function vector S(X(I)), wusing
{(4.20) and (4.21);
7. «calculate the derivative matrix GP(X(I)), using the
results in Aprendix B;
8. invert GP(X(I1)):
9. calculate the new Newton estimate X (I+1) Zrom (4.23);

T

10. perform a Gceclden Section Search along the 1line
Letween X(I) and X(I+1) to find the point which mini-
mizes (4.24);

11. let X(I+1) be equal to the minimizing point found in
the previcus step;

12. increase the Newton iteration counter : I = I+1 ;

13. reiterate steps 5 through 12 until the values

X(r)y = (c1i,c2,C3,0)
corverje withir acceptable tolerances;
14. calcualte the estimate of 52 using (4.17).
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This 2a<tnod saall hereafter be reZ=rrei td 1S  the
'*Maxipdr Likeliiacod Sgherica. Method', or A1...3. Ior short.
As will te seen from the evaiuatioans 2ade¢ 1L lrnadter V, toe
M.L.S. metnol is apparently the oniy aiternative to CoOLsi3-
teatly rival the perZormance of the currernt.y used N37i_ai
method. It has the additional aivanta e tnat .t estlimites

the error present in the time data values.

F. A CCHPUTATIONAL EXAMPLE

T“his latest method, M.Ll.S., 1is now applied to tiLe saxe
example considered irn Chapnters II anl III. or 4 juick
comparison, Table IV lists the resualts of using all the
methods. The error vector lengths are tne distaices of each
position estimate from the EXACT apparent position.

Since this is «c¢coly one exaaple, tais tatle is not
presented for the purpose of any broad conclusioas. However
it is of interest to note that in this example

1. the M.L.S. method outperforms 3all others, includinj
the NAVY_A method; and

2. ir many ways the original NAVY metnod outdxerforas tke
adjusted NAVY_A method.

G. VARIANCE ESTIMATICHN

In the computaticnal example, the time data values used
were exact since the methods of Appendix A co1ld Dbe used
withk the known linear velocity profile. Therefore the
agpropriate value for variance in the time valies would be
Zero. For this errcr free example, the estimates shown in
Table V were obtained for the standard deviatiorns of tiaming
noise, usingy the two maximuam likelinood methods.

In the case of this one examgle, the spheriLcal assump-
tion is apparently an improvement over the plarar, since the

M.L.S. estinate of error is oniy 4% of the M.l.2. estinate.
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TABLE IV
Single Exakzple Comparison of All Methoills
Transit Iiae Elev. ingjle njyth of
Yethod T (secs) A {degs)y E3L Vector
NAVY 0.67526569 15.2645¢ 4128
NAVY_A  0.67527027 15.26461 0.4840
L.S. 0.67526319 15.22798 3.733
L.S.C. 0.67527149 15.26372 0.522
M.L.P. 0.6752%007 15. 10437 13.64)
1.1.5. 0.67527C49 15.26677 0.4117
EXACT 0.67527C43 15.27002
Apparent  Position  Zstinate
NAVY ( 1005.957 , 3017.874 , 868.143 )
NAVY_A ( 1006.087 , 3018.259 , 868.255 )
L.S. ( 1003.809 , 3019.751 , 866.126 )
L.S.C. ( 1006.089 , 3018.266 , 868.235 )
1.L.2. ( 997.722 , 3023.685 , 859.35% )
M.l.S. ( 1006.195 , 3018.190 , 868.375 )
EXACT ( 1005.966 , 3017.899 , 868.555 )

Tnat 1is reyarded as an imnproveament because

the <correct

answer is zero. The higher M.l.P. estimate is indicative of

the inflaticn due to the planar assumptiorn.
The tracking range waici provided data

records time values to seven decimal places.

standard deviation estimated by the M.Ll.3.

particular interest, since 1t indicates

for this study

Tierefore the

m2thod is of

eLrors in the

seventh decimal place even when there is no ercor fpresert.

Since the data was actually error free in this eramgie, the
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TABLE V

Maximum Iikelihood Error Estimates

for the Example Problen

dodel Hethod
Planar MeL.Pe
Spherical M.l.S.

Zst. Std. Deviitiorn
5.517 E-6 SecCsS.
2.191 E=-7 SesS.

estimate is a measure of the variation induced by the sgher-

ical wavefront

assumption.

A broader discussion

estimation will be undertaken in Chapter VI.
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A. GENEERAL

P

There are many sources of errors in the ov:rall hydro-

phonic tracking problem. These include, anong ot hers:

. WL

1. errors in estimation of the sound velocity profile; .

2. 1inhorojeneity of the velocity profile over time and

il

hcrizontal displacement; and

3. possible errors in measuriny the positiois, and the
anyles of tilt and rotation for the hydroghoric
arrays.

This study focuses on those errors which »>ccur during
the computations preceding the ray tracing procedure. To
evaluate the performance of the methods developed 1in
Chapters II, III and IV, it is necessary to control strictly

Le ray tracing procedure. Ornly in that way can the difier-

ences founé between methods Lbe attributed to the differences
tetween models, and not to any source of error o1tside those
methods.

It «as originally hoped that the various methods mignt

W

te coapared by applyinyg them toc real tracking data. However

it 4as Icund tnat tae overall tracking problem aad too many

, idar ;e soirces of errcr to allow the methods to demonstrate

» an. liftererces. Therefore the methods were cow pared under
tl

4 a4 2oze ti,ntly cortrclled simulatel environment. !

s

4

Z. SINIJIATION SCENAKIO

wo iillerent simulations are used to compare the six »

X DS Iv et zernodas. Poth use a basic scenario similar to
)
b

-

tiit ¢t ot Zooputational exanple explored in Chapters II,

III ani V. That exascle assuded tnat:
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1. the velocity versus depth relationship is linear, ani
giver exactly Ly:

vV = 4840.7 + )3.03314 e DEPTI ;

2. the acoustic center of eacsi array 1is at a degpta of
1300 feet,

3. the hydrofphone arrays are ail level, and their X, ¢
ard Z arms are parallel to the respective coordinate
axes of the tracking range.

Under these circumstances the methods se: forth in
A;pendix A can be ucsed to compute the exact values for the
hydrcphore times, ray transit time arnd elevation angyle for a
sound wave emanating from a source at any sSpecified loca-
tion. Therefore when the nethods are appiied to those exact
tines, the resulting estimated positions can be compared to

the known true positicn.

C. SIMULATED ERROR FCR TIMING DATA

The models developed in this study were designed to
improve position estimation, especially in the presence of
errors in the timing data. Lacking any better m>del at this
time for timing errors, the simulated environment includes
ar assumption of Gaussian errors for the hydrophone times.
Therefore realistic timingy data can be sizulatel by adding
to each exact time value a random guantity of normally
distriruted error. The mean of the error is assumed to be
Zero. The variance was estimated from real tracking data,
using the variance estimatiny property of the M.L.S. model.
The data from one tracking run was used, involving six
hydrophone arrays and 733 position estimates (se2 Chapter VI
for data selection details). Each position <from the
tracking run produces one estimate of the variance. The
variance va.ue chosen for use in the simulations was the
median of the 733 variance estimates produced by the M.L.S.
method. That value was

60

C w  m . oam oa et s T LA R

e

.m PO




w v - voo- B A R 2 S A e
LR S Mk Ml Sha Shdh Al ST St i M B S Teaw Chadr tad DC S i S A SRR w o il ~ v v -,

s2 = 9. 1204 E-12 secs? ,
That is the same as a standarad deviation of
S = 3.02 z-6 secs .
Each of the two tyres of simulations was rJi four seia-
rate times. Each run was Jdone with a different sfpecified
variation. Those four distinct error conditions are delin-

eated in Table VI .

s A A a s s s oa o BB b ) v b o S s a s s

e

TABLE VI
Sinmulation Error levels

ke sallR A

RUN LEZVEL VARIAKRCE STD. DEVIAT ION ’
1 zero 0.0 2.0 4
2 low 9.12 E-14 3.02 E-7 !
3 medium 9.12 =-12 3.02 E-6 é
4 high 9.12 E-10 3.02 E-5

D. SINGLE ARRAY SIMUIATION

In the first simulation, the intent was to compare the
methods pairwise, sc as to determine which me:hod is more
likely to produce the more accurate estimate of a given

sourd source position. Odne thousand positions were chosen

at random. Each position was 3000 feet from the array. The
positions were uniformly spread over the surface of a sphere
of radius 3000 feet, centered at tae array, truncated above
by the water surface (depth 0) and below by the depth of the
array (1300 feet). The methods set forth in Appzndix C were

1
:
J
'

used to assure that the randon positions seslected were

61

Dt st R M mgansr g

Lo

-~ S 2 M L] Y S SO S




\

uriformiy distributed over the surface area of tue truncatel
hemisghere.

Each of the 1000 rardoaly chosen source prsitions was
then rrocessed as follows:

1. calculate the exact hydropaone times, asing the
methods oI Apypendix A;

2. add to each of the four exact times a rarndom value ol
e€ILor at the specifiied level (zero, low, sediur or
Ligh); '

3. apply each of the six metanods to the hydrofphore
times, generating six different apparent >ositiors;

4. apply the ray tracing grocedure to each of tae six
positions, using layers that are 25 feet thick, anc
utilizing the known linear velocity profile, toereby
producing six different estimates o the sound source
lccation;

S. ccmpare the six different estimates pairwise to see
which method 1in weach pair produced the estimate
closest to the true sound source iocatiox.

The comparison being made is that one method is consid-
ered preferrable to the other if it more fregquertly fproduces
the 2ore accurate estimate.

The layer thickress of 25 feet was selected order to
simuiate the actual froceiure at the tracking range whicha
rrovided data for this study. dowever, as discussed in
Chapter I, when the velocity profile is smootk and known
exactly, the process is very robust with respect to the
thickness used. The thickness values 1, 10, and 25 were all
tried, with virtually ro changes 1ir any of the comjparisons

Letween methods.

62

R,/ . 2 AW L

.Y

PR R

TORTW,, Y

enbeadinadoddh b B e




— T T Y -y vy - — T AR < i S I i S IRt Al Sal Sl el il Rl Al 4 e e R e

E. SINGLE ARRAY SIMUIATION RESOLTS

Tables VII and VIII contain the results of thLhe sirjle :
array simulation. Each tabled entry represents :ne fraction
of time that the method of that row produced a better esti- !
Date than the method of that columa. For exanmple, in Zakle .
VII, the L.S. method outperforaed the M.L.S. de:rhod in only

9 .

5.8% of the 1000 trials with low error values.

In a one tailed test that o¢ne method is j>etter than
anotier, taese binomial jroportions are significant at the
0.35 level if they exceed 0.526. Syametricalily, orne method

b NN

is significantly worse than another at the 0.05 level if the
proporticn 1is less than J.474. For the 0.01 level the
corresgonding critical values are 0.537 and 0. 463
respectively.

[ 1 The results indicate that:

e

[ 1. as praviously clainmed, the NAVY_A method usuvaily

s outperforms the unad justed NAVY method; of particular 3

' interest is the case of zero error whi:zh actuaily G
k cempares the relative ability of eaca method to !
% produce the exact answer when Jiven the exact times; jf
b in those cases the NAVY A method does extrenely well :
3 against the NAVY method; .
F 2. under all error conditions the most successful ';
performer is the #U.L.S. method, since it always has a |
§ favorable (greater than 0.5) comparisaon fraction )
] ajainst alli other methods; the 4.L.S. fractions vary B
;9 little over the four error levels; ,
h: 3. under all error conditions, the worst perforamer is ]
E; always the M.1.P. method; _1
E 4. spherical methods consistently outrerforr planar _3
! methods; and %
5. increased error levels tend to lessen the distinctiorn
between methods; 1in the zero> error case comfparisons
{
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TABLE VII

Single Array Simulation Results
for Lower Error levels

ERIOE LEVEL : ZZR

NAVY NAVY_ 4 L.S. L.s.C. M#M.L.P. M.l.S.
NAVY .01 <951 .676 .987 . 420
MAVI_A .989 «959 .728 .987 <434
L.S. .050 . 050 .050 .987 . 057
L.s.C. .32¢4 <272 .950 .987 . 346
4.l.P. 013 . 013 -013 .013 -0213
1.1.5. .580 . 566 .G43 654 .9817

EREOE LEVEL : LOW

NAVY NAVY_A L.S. L.S.C. M.L.P. d.L.S.
NAVY . 165 .952 .648 .987 .39
NAVY_A .835 .952 .693 .987 .405
L.S. .048 . 048 L0438 .987 .058
L.S.C. .352 . 307 .952 .987 .369
4.1.P. .013 .013 .013 .013 .013
4.1.S. .604 .595 .942 .631 .987

are in the interval (0.01,0.99), while in the high
error case that interval 1is narrowed cons iderably to
(0.37,0.63) .

DCUBLE ARRAY SIHMUIATIORN

Iin the second simulatiorn, the 1intent ajain was to

conpare tahe methods pairwise, this time determining which

methcd is mcere likely to produce positions which ajree more

closely in the two array crossover problem. This 1s not the
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TABLE VIII
Single Array Simulation Results |
for Higher Error Levels
ERROFE LZVEL : M4EDIUNH

NAVY NAVY_A L.S. L.S.C. M.L.P. ¥.1.5.
NAVY .Uol 819 .5539 .987 . 435
NAVY_A .5%¢6 .321 .5606 .987 . 437
~.s. 121 L 179 L1831 .97 177
L.S.C. 441 434 .819 .987 . 450
M.lePF. 013 . 013 .029 .013 .013
4.1.5. .565 . 563 .823 <5590 . 937

ERAOR LEVEL : HIGH

NAVY NAVYI_A L.S. L.S.C. Helo.P. M.L.S.
NAVY . 486 <544 439 «562 . 431
NAVY_A .54 546 .516 .559 431
L.S. <4506 . 454 <457 <537 . 400
L.S.C. .56 1 . 484 .543 .5¢62 L U427
M.l.P. .U438 . 441 443 .438 .373
M.1l.5. .569 . 569 .600 .573 .627

i} ]

same guestion as that addressed by the single array sirmuia-

tion. The two estimates produced by any one m2thod may be

very close to each other, and yet be rar away from the true
position,

For the double array scenario two arrays are used, sega-
rated by 7500 feet, <Loth at depths of 1300 feet.,.

of each array are parallel to the

The aras
corresponding coordinate
system uxes. Once again 1000 positions were raniomly gener-

ated in a unifora manner, this time over a 3 diamensional tox
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Figure 5.1 Double Array Simulation Configuration.

rucning crossways between the two arrays. The box 1s 1300
feet deep, 5000 feet long and 1000 feet across (see figure
5.1).

Each of the 1300 randomly chosen sound source positions
i the two array simulation were jprocessed as fol lows:

1. calculate the exact hydropnone times for tne first

array using the methods set forth in Apperdix A;
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Ze add to the exact times some raindom error at tne s

eC=

ge

iZied level;

3. ©Repedat steps 1 andl 2 for the second array, usSliny 2
new set of rarndom error values;

4. apply each of the six methods to the time values froa
peoth arrays, producingy six differen: failrs oI

aprarent rositioans;

n

. ayply the ray traciny procedure to bo:h apparent
rositions in each of the six pairs, utilizing the
xnown linear velocity profile, producing six pairs of
estimated sound source positions;

6. rfor each of the six rairs of positions, cilculate the

distance between the two positions in the pair;

7. make pairwise comparisons of the six different
distances, to see which method in each pair exhibits
the closest agreement between 1its two position esti-
nates.

This time the ccmparison beiug made is tha:t one method
is considered better than anotmer 1f the pd>sitions it
produces agree more closely more often than those of the
other method.

G. DCUBLE ARRAY SIMUIATION RESULTS

Tablies IX and X contain the results of the 1ouble arrav
simulaticn. Each tabled entry represents the fraction of
time that the method of that row produced a pair of esti-
mates whick were 1in closer agreement than the estimates
produced ty the method of that coluan. Sigrificaace
criteria £for these proportions are the same as for the
sinjle array simulaticn.

These results are sicilar to those of the s51ingle arrav

simulation, because they indicate that:
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TABLE IX
Double Array Simulation Results
for Lower Error Levels
EEROFE LEVEL : 22RO

NAVY NAVY_A L.S. L.S.C. M.L.P. M.L.S5.
NATVY . 366 .989 .726 .968 .212
NAVY_A .634 .589 . 734 .568 .212
i.3. .011 0N .01 .555 .014
L.S.C. .274 . 2€6 .989 .968 . 193
¥.l.P. .032 .032 <445 .032 .033
“.L.S. .788 . 788 .986 .807 -967

ERROR LEVEL : LOW

NAVY NAVY_A L.S. L.S.C. d.LlL.?. A.1L.5.
NAVY . 448 -989 .661 .952 - 310
NAVY_A .S552 .985 .684 .352 . 312
L.S. .011 «.0MN .01 .560 .014
L.S.C. .339 <216 .939 .952 . 254
q.l.”2. .048 .048 440 .0u8 .038
¥.l.S. .690 . 688 .986 .746 .962
1. the NAVY_A method outperforms the original unadjusted

NAVY method, although the difference is not sigaifi-
cant in the higher error ievel cases;

the most successful performer 1is consistently the
M.L.S. method;

spherical methods almost always outperform plarar
methods;

increased error levaels tend to lessen the distinction

between metholds.
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TABLE X
DoublgrAﬁrag Simulation Results
igher Error Levels
ERROR LEVEL : MEDIUH

NAVY NAVI_A L.S. L.5.C. HM.L.?Z. ¥.L.S.
NAVY . 498 . 841 .513 .308 443
NAVY_A .502 . 842 «542 809 - 440
lL.S. .159 . 158 . 159 .525 . 160
L.S.C. .487 . 458 . 841 .808 . 433
1.1.2. .192 . 191 -475 .192 <144
v.1.5. .557 . 560 . 840 567 . 856

EERROR LEVEL : HIGH

NAVY NAVY_A L.S. L.S.C. M.L.P. 4.1.5.
NAVY . 487 .556 .535 479 <442
NAVY_A .513 .558 499 - 481 <440
L.S. a4y . 442 L4445 - 451 <422
L.S.C. .465 - 501 . 555 . 480 . 438
M.L.P. .921 .519 .549 520 . 428
4.1.3. .558 - 560 .578 .562 572
There are however some indications from these resualts

which are

diffe

tion, such as:

rent from

those of the singlie array simula-

1. the worst performer was consistently the LlL.S5. method,
rather than tte M.L.P. method;

2. in the nigh error case the #.L.P. dethod iLs egqual to,

or even

except the M.Ll.S.

- om

marginalily

. e

better than, every other method

method;
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3. the jperiormance of the 4.L.S. method 15 noticeally
better under error free conditions.

The last two inferences are pernaps the most inter-
esting. The maximum likelihood approacih was intended to
estimate and account for Saussian errors in the tiamiang data
values. Herce 1t is really not very surprisii g that the
M.L.S. method does well with error prone data. But it is
interesting to note that the M.L.P. aethod also does well
under high error levels, even though it probibly sufiers
from a bias due to the planar assumption.

Cf even greater interest is that tae M.L.S. method seens
to Le at its best when compared to otaner methods under error
free conditions. This result was unexpected, and indicates
that the M.L.S. methcd not only nandles timiag errors well,

as was intendad, but apparently also does an evel better job

o]
F

approximating the elusive exact solution to the origirnal
four spherical eguations of (4.1) and (2.71) whan the exact
time values are available.

He LIMITATIONS ON INTERPRETATION OF RESULTS

The results of toth simulations seem to imd>ly that the
M.L.S. method outperforms the <currently used NAVY_A metiod
on any randomly chosen sound source position, with or
without timing errors. These 4are encouragjing results.
Nevertheless the reader is cautioned that thes: tests are
just simulations, and like all simulations, must make
assumrtions which cannot fully reflect the reali:y of actual
hydrophonic tracking conditions. The most important assump-
tions made for these simulations are:

1. the sound velccity profile is «known exac:ly, and is
linear;
2. the errors in the timing values Zrom arny aydroghone

are nrormally distributed with mean =zero, and are

independent of the noise in any other hyd-orphone; and
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3. the parameters of tiae siamulation were Iixed; ior
exampls tae single array siculation used a fixed
range 2f 3000 feet, ani Loth simulations used arrays
at 13C0 feet cf depth, with fixed orienta: ions to the
range coordinate system.

The first assurption is probably 2f little -onsejuence.
It not only greatly facilitates computations, but also heips
to isolate the initial angle and time estimation probien
from the unrelated errors involved in the velocity zrcfile
estimaticn frocedure.

The second assumption i1s somewhat nore trouklesorme.
Errors way rot be Gaussian at ail, or if they are, the mean
pay not be zero. Unfortunately each positior estimatio:xn
involived only four eguations, ard therefore did not allow
for estipation of more than four paramenters. Tierefore the
error mean, bsirng a fifth parameter, could not be estimated.
Also the errors of any ore hydrophone may very well not be
independent of the errors of the other three ph>nes on that
array. Fortunately these conceras are ofiset somewnat by
the results of the double array simulation, wh2rein it was
found that the M.L.S. @method was at its best when there was
no noise at all.

Also the error type and 1level amay depeni on other
factors, such as the target's range, elevation and azimuth
angles from the array. This highlights the concerns of the
third assumption, There 1is «considerable room here for
future work concerning the dependency of results on such
complicating factors.

Lastly it should be pointed out that the simuiations
make comparisops only on the binomial basis of better versus
worse in 1000 trials. The magnitudes of the actual Jdiffer-
ences are ignored. It is possible, thougk perhasrs unlikely,
that while one method marginally outperiorms a second method
in most trials, in all the remaining trials the Zirst methol
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VIi. CONCIUSIONS AND RECOMMENDATIONS

— . — et s i e s > e i P e S o . s . s s

A. ESTIMATION OF TIMING DATA VARIATION

Cne of the primary purposes of this study +sas to esti-
mate the amount of variability in the timiny data teing
recorded during actual tracking runs. This problem was
addressed Lty the M.L.P. and M.1.5. @maximum likelikood
rodels. The M.L.P. model, as previously discusszd, suffered
from a rcias 1ue to the planar assumption, was the roorest
estimator of positions among all the models, and produced an
inflated variance estimate. Therefore the spherical model
M.L.S. 1is used to estimate the data variance.

The variability that is measured ty the 8.L.S. model is
made ug of three congonerts. First tnere 1is : he variarnce
induced ty the spherical assumption. Then there is the
variance caused by the seven decimal accuracy used when
recording the data. Finally there are the errars inherent
in the physical process, due to such factors as hydrcghone
vacriability or malfunctiowo, local distortions of the sound
wave, ard inexactness of the water coluamn which estirates
the speed of sound profile. The 1last two sources of error
together make wup the wvariapility that is involved 1irn the
time values which are ultimately wused in position estiaa-
tion, and 1s therefore the variation that is tc¢ be
estimated.

If it 1is assumed that the wvariability indiced by the
spherical assuaption is independent of the data variatility,
then the HM.L.S. variance estimate is the sum of those two

variances, or

2 =

2 + 2
Ouls Usp'n U tiae

73

RCIC I N
P ST v PR . W U0 S U W U U WP W O GO

DI Sk Al i SN S S

Eaad S A

L

' .
. LL.‘L‘;J.A_A.

.‘.'.4"4.."1_4 L

A

u9




- T e T Y TR T TN T YT T YT TN YL oy v Ty T U W, W W

Trerefore the data variance car obpe estimated Ly first
estizating the variarility induced by the s:cherical assumg-
tion, and then subtracting it from the M.L.S. estimate of
the variation.

The M.L.S. estimate was obtained by applving the 4...S.
methcd to the data from a tracxing run at the Narocse
torpedo tracking range on May 6, 1980. That run invclveld
Fosition estination ty several different hydrophone arrays.
The rur mpade several thousand position estimates, 733 of
which were at depths of 100 feet or more and invclved
targets not more than 4700 feet from the sensing array. The
depth lirmitation was imrosed to avoid the excessive compli-
cations caused by the radical changes in the velocity
rrofile above that depth (see figure 2.1). The paxinmum
range limitation imitates the data validation procedure at
the tracking range, where positions farther than 4700 feet
frem the array are discarded.

The tracking data yielded the following range of esti-
mates for the standard deviation of the data noise, using
the 4.L.S. model. '

HAXIMUM VALIUE 2.89 E-5 secs.
0.95 QUANTILE 1.18 E-5 secs.
MEDIAN VALGUE 3.02 E-6 secs.
0.05 QUANTILE 4. 11 E-7 secs.
MINIMUM VAIGUE 3.13 E-8 secs.

For an overall estimate of the noise, the median value

was used, so that:
2 = 3.02 -6 )2
Crmls ( )

The variability induced by the spherical assumptiorn was
estimated Ly applying the M.I.S. procedure to perfectly
noiseless data 1in tle idealized envirconment of the single
array sigulation of Chapter V. This was Jone for targets at
ranges of 1500 to U450C feet, at 500 feet increments, with
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1000 randomely chosen targets at each rarnge. The results

are collected ir Table XI .

TABLE XI

Inflation of Error Estimates Induced
by the Spherical Model

Standard Deviation Estimates from Zxact Tim: Values
with Known lLinear Velocity Profile

RANGZ MINIAUM Q (.05) AEDIAN Q(.95) JACINUM
1500 2.72E-10 2.84E-8 2.08E-7 3.13E-7 3.29E-7
2000 2.128-9 S.88E-8 2.26E-7 3.14E-7 3.30E-7
2500 3.90E-8 1.09E-7 2.34E-7 3.14E-7 3.31E-7
3000 8.35E8-8 1.50E-7 2.37E-7 3.15E-7 3.24E-7
3500 1.21E-7 1.59E-7 2.37E-7 3.13E-7 3.24E-7
4000 1.47E-7 1.65E-7 2.39E-7 3.16E-7 3.25E-7
4500 1.46E-7 1.69E-7 2.42E-7 3.14E-7 3.25E-7

Table XI shows that the median and maximun inflation
values are reasonably independent of target range. The
pminimum values vary somewhat, Eat only <for ringe values
below 3000 feet. This represents a very stable situation
overall. Therefore the inflation due to the spherical
assunption is estimated by the median value at a range of
3000 feet, namely:

2
CTsph

{ 2.37 E-7 )2 .

Combining these two estimates, the variance estimated

for the timing data is
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( 3.211 E-06 )2 .

K 2 = 2 - 2
g T tiae Tals Crsph
= ( 3.02 -6 )2 - ( 2.37

-7 )2

As car ke seen, the error induced by the sph2rical model

is less thar 10% of the Hd.l.S. error estimate.

when 1t is accounted for by subtraction <Ifrom the

little.

tial of about
4380 e 3.011E-6

being recorded are sufficiently accurate.

variation estimate, the final variance estimite

The estimated value indicates a standard error

0.015 feet .

This estimate is qguite iow, indicatirng that the time values

There is considerable opportunity for addi: ional

determining the relationship, if any, between
arLce and other factcrs such as angles of
azimuth of the target from the array.

There is also the problem that the tinme

likely tc be array dependent. For exanmple,

| some level of array dependency seems likely,
] need for additional investigation.
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trackinjy rurn are plctted versus the rarge of
The plot does not inpdicate that there is any

tionship between range and error level. Howevar

becomes clearly associated with the individual

individual arrays, or the ranges of the targets.

in

Therefore
1.L.5.

changes

the

6th decimal place. With a typical speed of sound value of
4880 feet per second, this —represents a position differen-

WOrK

the time vari-

elevation

variation

and

is

consider figure
6.1 , wherein the standard error estimates from the actual

the target.

simple rela-

the plot
does show a bunching rattern. When the error estimates are
lotted separately for each array, then the bunching pattern
arrays.
[ Consider figures 5.2 and 6.3, where the separate plots have
[ reen made for four diifersnt arrays. It is still not clear

from these flots whether the principle effect is due to the
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Figure 6.1 Error Estimation Versus Range of Target.

B. CHOICE OF METHOD

Clearly all indications are that the planir wavefront
models, L.S. and M.L.F. are not candidates for use as posi-
tion estimators. TFurthermore the aybrid model L.S.C. 1is arn
interesting improvement, but never —really psrforms well
enough ccompared to the M.i.S. and NAVY modeis.

The original NAVY model is usually outperfo:rmed by the
adjusted NAVY_A nmethcd. However the differences are not
aiways significant.

The spherical model M.L.S., on the other haid, consis-
tently outperiormed all other methods during the simulated

evaluations. It wculd seem that M.L.S. is tie @model of

choice. It Joes the best jobL of handlinj normally distrib-

uted errors in the data. ut that 1s not tie strongest
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arjument for its use. A more iaportant, ani surpraising,
argyumernt in its favor is that when the exact, €error free
tines are used, the M.L.S3. agparent position esticate will

usually prciuce the most accurate estimate o0 the trus

&)

agparent position, This is5 the desired overall result, s
that the sensitive ray tracing j(procedure will ©Dbe afiectel
ninimally Ly apparent position estimation errors.,

There are nevertheless several notes of caution which
should bLe considered before embracinjy the 4.L.S. method
wndoleheartedly. The first caution has been stressed tefore,
namely that these conclusions were arrived at urnder thae
i1jealized conditions of the simulations scenarios. Ine
second cautior, also previously stressed, is tha: the actual
magnitudes of the differences between position estirates has
Leen ignored. It is conceivable that while one metuold
always produces a better estimate than another, the differ-

ence between any two position estimates is acceptably smail.

Lastly +there is the cautiorn that the M.L.S. nodeil
involves a complicated 1iterative procedure whicn uses
considerable coaputer time. It is probably too slow a

procedure for use with ‘'real time' analysis during the
execution of tracking runs. For real time trackiag the
NAVY_A method currently in use is probably preferratle cus
to its simple computations.

However, for post run aralysis, and aiso »>ossibly for
calitration of the hydrophone arrays, the 4.L.S @method is
recomzended as beirg a more exact and more robist positiox

estimator than those methods currently in use.

C. RECOMMENDATIONS FOR FUTURE INQUIRY

Several recommendations have already bpeen zi1cée for work
needed to estimate the effect of suitable independent vari-

ables c¢n both timing errors ard the bias in certain methods.
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In additicn there exist at least two other areas for
possibly fruitzZul investigation.

The first area concerns the 1ntacpliay cetw2en methods.
Specifically, the Linomial coaparisons of Chapter V show
that even the worst methods are Letter than =2ach of the
other uethods at least part of the tinoe. dderce it 1is
possible that the best methcd overall would bs a suitacle
combination of methods, wherein each method is used where it
is most effective. For example, ever thougn the 4.lL.S5.
method has been 1indicated as the best method for any
randonly selected position, it may be consisteitly outper-
formed by another method wunder certain circumstances, suicCh
as extremely high or low elevation angjles.

The second area for possible work addresses the guestion
of how to rext 1improve upon the existing models. It is
herein suggested that the next iamprovement im sodelling
would ©»pe a anethod which is based on a linear velocity
assumpticn. As figure 2.1 demonstrates, a linear velocity
profile is a reasonakle approximation for most depths. This
would be the next loyical step above the constant velccity
assumption which 1s associated with the spherical models.
Most of the mathematical basis for such a model in contaired
in Appendix A. Possibly a suitable set of eguations coull
ke developed involving the hydrophone times and reflecting
the linear velocity assumption. If so, the least sguares or

maximum likelihood technijues might provile useful results.
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LINEAR VELOCITY PROFILE THEORY

All <computations in this study are «rwade urder the
assumfption that the sound velocity is directly related to
depth in a linear manner, and is known exactly. Under thLese
circumstances many cliosed form results, not othe: wise avail-
able, can te obtained and used in those computations.

Suprose that the velocity proiile is given by

vV = V0 + V1 % z
where V0 arnd V1 are known coustants, and z 1is the derth
variable, measured down from the water's surface. In this

case it is known [Ref. 4] that the path of a soind ray fron
a signal source to a hydrophone will have the shape of an
arc of a circle. The center of that circle will be some-
wnere above the surface of the water. T“he vertical place-
ment of tnat center is determined by tne value of z at wiich
the speed oi sound equals zero (see figure A.1). Although
that depth is negative anl is not really a depth at all, it
nevertneless has geometric meaning.

Consider the wvertical plane containing the <circie
center, the sound source and the hydrophone. .et h be the
variable which measures the horizontal positiorn in taat
plane. let (h,z)=(al,a2) be the position of the hydrophone,
and let (h,z)=(p1,p2) be the position of the sound source.
Then C2 given by (A.1) 1s the & coordinate of the circle

center.

~ =
~

2 v

1 (a.1)
What must be found is 1, the a coordinate 9! the circle
center, and r, the radius of the circle. To solve for tuaese
values, the eguation of the circle is used, evaliated at tae

the twc known locaticns, yielding (A.2).
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Figure A.1 Circular Ray Paths for a Linear Velocity Profile.

2 2
( al - Cl ) + ( az - C2 ) = r2
(.2)
{(p, - C 2 2 2
1 1 Py = Cy ) = r

The left hand sides of the two ejuations of (A.2)

can be
eyuated, and solved for C1, leadiny to (A.3).
(p, + a,) (o, - a,)
c. = ——— ¢+ == (P, + a, - €, (1.3)
1 2 c_(pl ql) - < -
When thnis value of C1 is substituted int> the first
equation of (A.2), then thke result is given by (A.4).
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v =

The circular

sound source is easily computed.

of sound does not stay

in order to
the sound

velocity must be

determine the amount of time (T)

ray to travel

WD TR R g e T e —m——m——wr——w

o

it Shuilt St Mg St Sttt i

5 p A4
\/}al Tty *otay - o) (

arciengtn between the hydrophki>rne and the

Uniortunateiy tke velccitv

constant along that arc. Thererore

sequired for

the ray patn, the effect of the

integrated along the arc. This is dcne by

(A.5), where S is the arclength Letween the two points, and

V(s) is the speed of sound as a function of posL ticn oa the

arc.

In (A.5)
arclength of s

to arclength s =

ke eguivalent to

the sound source

w

< Vis) (A.5)
0

position corresponds to a:
0, ard the hydrophone position correponds
S. In

(A.6).

(Ref. 4] this integ¢ral is shown to

-1 da
% cos (a)

0

(A.6)

In (A.6) A0 is the angle of elevation of the ray path at

tke scund

hydroghone. The

solve
in (4.8).

3

v

source, and

A1 is the elevation aigle at the

antiderivative in ({A.7) can be used to

(A.6) , leadinyg to the ray path transit time expression

da
cos(a)
I cos(A))\ 71 + sin(a,)
= hamrasnd n
cos(Ao) \l + sin(a})

(A.7)

_ < 1 + sin(a))
= in
cous(a)

(3.8)
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If the elevation anjle at any point along the arc is
denoted ty A, thea (2.9) relates tse angle to th: derivative

of z with respect to h along the ray path.

tan (A) = - (A.g)

Implicit differentiation of the ejuation of the circle
& 4
yields (A.10) as another expression for tane same derivative.

az h= ¢

dn z -

{A.10)

)

5
Equating these two derivatives leads to (1.11) «whick

relates the elevation angyle and the positioan (h,Z) or the

arc.
h - ¢
tan (&) = 1
z - L (A. 11)
2
From (A.11) a sinmple geometric argument »>roduces the
equations in (A.12).
z - C, h - C1
cos (A) = — sin (A) = —0 (A.12)

First let 4, h and z be equal to (Al,al,a2) in (A.12),
and then let them equali (AOQ,r1,p2) . Then substitute both
expressions into (A.8). The result is (A.13), the desired
expression for the ray path transit time in t2rms of the

positicns of the sound source and the hydrophone.

a, - C, r + p, - C
T = _3_. 1n SR ! ! (A.13)
1 p2 = \-2 r =+ al - Cl
Tc summarize, if a ray path is to terminate 1t the three
dimensional position (X1,Y1,Z1), and the sound source is at

(X2,Y2,22), then perform thne following steps in order to
caiculate the exact ray rath time ani elevatior angle that

would correspond to a linear velocity profile:
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to transilate
the

previocusly described vertical plane,

1. use (A.14)

tions to

the tanree dimensional fosi-

two dimensional <coordinmates of the

with thLe origin

&;
ol
P

at the water surface directly above the eni of the
ray path;
2 2 ,
py = \[(xl - X0 T (v - x) (3. 14)
p2 = zl al = O a2 = 22
2. calculate C2, C1 and r usiny (A.1), (A.3), and (A.4);
3. calculate the exact ray rpath transit time T using
(A.13); and
4. <calculate the exact elevation angle A at the hydro-
rhone, using (A.15).
a, - G,
A = — =
arccos < - ) (2. 15)

,ﬁrvvf'fv
e
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APPENDIX B
PARTIAL DERIVATIVE FORMULAE FOE NEWTON'S METHOL

The central tool used by Newton's Yetnod in the develop-
ment of the M.L.S. model in Chapter IV is the matrix GP. It
is the nmatrix of first order derivatives of the error
expressicns 41, g2, g3 and gi. Those derivat. ves are set
forth in this appendix.

If X = (ci1,c2,c3,m, then the error functions are
defined Ly (B.1),

Ti - x.i
g, (X) = c, - i=1,2,3 (B.1)
K. M
1
T, - oM/ vV
5,0 = v -
1 - N

wahere the values Ki, M and N are the functioirs givexn by
(3. 2) .

2 Dz
Kk, = U® - (2uDbC /v ) « = (B.2)
3 T. ,/K.
I N = ZCJ_.—J.
s =

1 2\ (/.
J

3 T, -4 /K.
] ]

e s

b

»} 3

ﬂM
B

™ T ¥ Y vw

87

DA Sl

{2
r

L. . WL

o LY L o e L L el . ARPL

. N

i

a1




C Sl e S A Sl Aot Aadh Sndhius Ao Sadt sead dhagl e 6 Mgt Al Aindl siadl Sl it i A Nndh i Sl Senl Al Ml it Shadt pind il Sl A el R Jan i v AR LIRS Al ek A S g
. . Rall St Mgl S . i - A N L M « s .. P . . B

Recall that GP is the matrix shown ir (B.3).

33, 2% 2?5 @%: (8.3) | i‘
%, 9%, 3, o :
9% 9% 2% %2
GP (C;,C,,C5,0) = 9%, ©%, 9%, °,
9% 9% 3%
9% S5 9o o%
99 29 993 9%
__?fl a:z %, c

Q

Q

(W]
aca 9 L,

Then given the definitions above, the folloving deriva-
tives are the result of straight forward, though tedious,

differentiation, and are of ferred without detail=d procf.

LEMMA 1
VK, (T, - K. ) +C.T.UD :
%b} - b 1 1 : 2 i=1,2,3 (B.4)
" Y K,.V . ‘
LEMMA 2 k
3
c.t. (o C. - v U
20 )y 2 ) (8.5)
ov vV K4/t
3=1 3 3
[ ILEMMA 3
3
1 T. UD ‘
! N >
L. gc - - l = 11213 (B.b)
o i v Ki }\i
¢ LEMHMA 4
3
F BN _ T_, (D C_, -V U)

« ST = (8.7) D
; - v k. (K. R
} 1=1 J b
< :
[ ‘m
. )
? ]
F. !
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FCRAULA 1

The first three diagonal elements of GP are thne 3deriva-
tives of each gi with respect to Ci (i=1,2,3) a1 d are jiven
ty (5.8).

29 . {TiUDM - VKi('I‘i -\/Ki )—a—ci] (3.8)

e = Z —
vV M Ki'v hi

-

FCRMULA 2
The off diagonal elements in the first three rows and

columns of GP are the derivatives of each gi with respect to

vy "
ﬂ-

Cj, and are given by (B.9).
g, T. = K. .
) 0% _ i 1) du i=1,2,3 (3-9) 5
’ %5 M2 w[x. c j = 1,2,3 |
§ ‘ : 7 :
3
.
[ FCRMULA 3
i The derivative of each gi with respect to U is given by j
. (B.10). \
]
- . — 3
39, -iM(VU - D,i) + VKi(T - rl) 30 (B- 10)
FEE ' - "
v oMt ok, \/Li
FCRMULA 4

The first three elements of the last row of GP are the

derivatives of g4 with respect to each Ci, and (re given by
(8.11).

- - 7 T ——T———
la T

o O

- (VT, - DM) - L[ —— (1-1)
Q9 _ 5 8 ocy

‘ Q¢ v (l-m°

(B.11)

L)
—

-
. X
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P
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FCRMULA 5
The last row, last column of 3P is the derivative oif gt

with respect to U, arnd is given Ly (B.12).

L c
P BT Il - v LU CAE)
ov 2

vV (1 - N)
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APBENDIX C

UNIFORM SAMPIES ON A TRUNCATED HEMISPHERE

The single array simulation of Chapter V reguired a
randon sample of positions 1in sgace uniformly distributed
over the surface of a truncated hemispnere. Th2 henisphere
is tc be of radius r (3000 feet) about the acoustic center
of a nydroghonic arraye. The truncation of the overall
sphere is due to the fact that the wupper portion of tae
heaisrhere is above the water surface, and the lower half is

telow the sea botton.

]

max

£
It
at
0
0
0
ta
[oN
I

Figure C.1 Hemispherical Geometry.

let E be the variable depoting anjles of eleration above
the horizontal. Let H be the variable denoting horizorntal
azimuth angles atout the center of the hemisphere. Consider

a small piece of heaispherical surface area bournded by the

91
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At nat ol o o

elevation argles 21 and (E1+4Z), and by the azimuth angles
H1 and (H1+d4dH) (see figure C.1). If # is the horizontal

width of that piece, thern W is given by (C.1).

w = r_ dH = r cos(E) aH (C.1)

If A1 is the area of that piece, then A1 is 1 pproximated
by (C.2).

A = wdE = r cos(E) dH dE (C.2)

#‘ Now suppose that ( 9 < E1 < 22 < EmX ) where
b

. .

Emax is the elevaticn anjle of the top of tane truncateld
- hemishpere. Then the ratio (A1/a2) of two different areas

at elevation angles E1 and E2 is given by (C.3).

-
:. Al } r cos(El) dH 4dE . cos(z1 -, .'1‘
A, T cos(Ez) dd & COS(EZ) (C.3) 1

If n1 and n2 are to be the (relative) sampl> sizes fronm

the two areas A1 and A2 respectively, then uniformity of the

-~
.

sample requires that (C.4) hold.

[

Ty ey

Al / n1 = A2 / n2 (C.4) E

.' -']

@ The ccmbination of (C.4) and (C.3) dimplies (Z.5). »

d 1

cos(E.) .

2 T0M cos () (C.5) :

L Letting E1 = 0, then the relative sample size nZ for )

4 . . . .
— area A2 is given by (C.6), where n is the relative saaple a
5 size at the base of the nemisphere.

n2 = n cos (Ez) (C.b) ‘j

r.‘ -9
{ Now the differential ©probability of drawiig a random
& position that has elevation angle 2 is given by (C.7), where

[

ST WY WP SRVUL W .. - P .y el W 2a S oa = o o JAPVLNY ST W SRR PP ULEE ST SR WS (U TR WP VY WAl V. WU P U1 SIS W,y o




o
1

7

v

s

o

e Zum ame au o

- i e i s A A M I i i *Sdit T St s i e T T T T———e

N is the total sample size to be drawn from the surface on

the secter bounded by the azimuth angles 41 and (H1+4dY).

. nE n
fE(E:) = - = —N-cos(E) (C.7)

Therefore, if K is defined to pe the constan: ratio n/N,

then the corresponding cumulative distribution is given by
(CQ 8) -

E

F_(E f K cos(e) de = K sin(E)
e 0 ) (C.38)

For the highest elevation angle, Emax, th: cumulative
distribution functior must egual one, so that (C.9) holds.

E(Emax) = 1 = K sin(Emax) (C.9)

As a result, the constant K is determired by (C-10).

1

K = _——
Sln(Emax) (C.10)

Therefore the conplete cunmulative distribution function
is given by (C.17).

_ sin (E)
FE(E) = -EIHTE;__T- (C.11)

ax

Now the inverse fprobability transform can be used. If U

is a uniform random variable on the interval (0,1), then let
E be given Ly (C.12).

E = arcsin (—U—-—)

sin (= )
max

(C. 12)

Now choose an azimuth angle Hd randomely aid uniforaly
over the interval (0,27T). Then (X,Y,Z) given by
= [ cas{H) cos (E)
r sin{H) cos|(E)

r sin(g)
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- is the <corresgonding position 1in spherical :coordinates.

N That position is a randoa position 3drawr from a pogruaiation ;
“' of positiorns uniformly distributed across the sirface of a -

truncated hemisphere with maximum elevation anjie ESmax.
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METHODS
1) GO TO 131

v (TN,V,™,PEST,TSST
v (TN d ’ UNCORRE: TED')

&, CORRECTZID')

EST)
S, UNCORRECTED')

wed

L ]

)

. 5) GO TO 135
Lp (TN,V,M,EEST,TEST,VAR)
gsiiAX. £ 1kETTIROOD, "BLANAR')

. TO 136
LS (TN,V,M,PEST,TEST,VAR
x oAzl LikeriIabob, SPHERICAL' -

METH1,METH2
ANT FIfiD METHODS *,I4,* AND/OR ',I4)
PCSITION ESTIMATES ARE FILATIVE TO
NTER, AND MUST EE TRANSLATED TO
RANGE COORDINATZ SYSTEM.
oM
= pEST§I,1 + A{1
= PEST({I 2 + A 2§
= A(3) -'PEST(I,3
RENT POSITIONS TO ACTUAL ESTIMATES BY
PRCCEDURE .
PEST,PT,TEST,A,M,VV)
FFERENCE BETWEEN THE 1ST POSITION
THE TRJE POSITICN.
. METH1 ) GO 70 160

1,1
O.Do
=_DAB§(TEST(I)—TC(I,“))
) = BIF(I)+(PT(I,J)-P (I,Jd)) %%

—
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¢ SET UP LOOPBS TC RUN THRCUGH ALL PAIRS OF MIIHODS. -4
DO 1111 METHE1 = 1, N
. KMETH = MEZTH1 + 1 .
DO 1222 METH2 = KMEIH,6 |
. iF (METH1 .EQ. METH2) GO To 1222
1)  FOEMAT(2X,'MEZTHCDS COMPARED ARE 1. ',A4,2X,Au§
20  FOEMAT(2X,' AND 2. ',A4,2X, A4
WRITE (6, 10 NAH1§METH1} NAAZEMET 1;
WRITE (6,20) NAMI(METH2) jNA4Z (METH2
WKITE {6,999) <
C "
METH = METH1
c NARRAY = 1
¢ SET UP ARRAY BEING USED :
125 A(1) = A1(1 '
A 22 = A1§2; .
A(3) =a1(3) :
5C 66 I_= 1,M i
Do 97_JJ;- 1,'1-I&1 (1,3
i = 1
67 conting s a ]
L CCNTINDE ‘
¢ CALL SUBROUTINES TO PERFCRM EZSTIMATION METi0ODS3. é
130 IF (METH .NE. 1) GO IO 131 b
AIL POSNAV ‘(T,V,M,PEST,TEST)
GO TO 150 B
131 IF (METH .NE. 2) GO ro 132 X
AIL POSNVC (T,V,¥,PEST,TEST) :
GO To 150 g
132 IF (METH .NE. l 6o TQ 133 .
ALL POSLS Vo, PESI TEST) C
GO T2 150 3
133 IF (METH .NE. 4) GO ro 134 ‘
ALL pOSLSC (T,V,M,PEST,TEST)
GO To 150 1
134 IF (METH .3E. 5) GO TO 135
AIL pOSMLP (T,V,M,PEST,TESI,VAR)
GO To 150
135 IF (MEZTH .NE. 6) GO TO 136
AIL pOSMLS (T,V,M,PEST,TZST,VAR) :
GC TO 150
136 WRITZ(6,137) METH1,4E THZ :
137 FORHA {éx *CANT FISD METHODS ', I4,' AND/OR ',IU4)
c Go To 1006
b
o C150 I® ( NARRAY .EQ. 2 ) GO TO 152
o c APPARENT POSITICN ESTIMATES ARE IN LOCAL ARRAY
- o COORDINATES, AND MUST BE TRANWSLATED TO TRACKING
¢ RANGZ SYSTEM CCOERDINATES.
q DO 144 T = 1,M
- PEST(I, N = pzsr21,1 + A1{1
[ PEST I,Z‘ = PEST(I,2y + Al {2
e PEST|I3) = AT(3) - PEST(I,3
g C1uu CONTIND
4 ¢ CCRRECT APPARZNT POSITIONS BY RAY TRACING.
L c CALL TRACE (PEST,P1,TEST,A,#,VV)
Ny
!
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ARPENDIX F

COMPUTER SUBROUTINES FOR TIME CALCULATION ABD RAYTRACING

555555555555 555555555555555S55555555555555555555 SS5558S8SS

SUBROUTINE TCOME (P,A,HM,VV,T)

THIS FORTRAN SUBRQUIINE COMPUTES THE EXACT TIME
REQUIRED FOR A SOUND WAVE TO TRAVEL FEOU IC S
SOURCZ (VECTOR E) THE FOUR HYDROPHONES ON AN
ADRAT WHOSS RCOLSTIS CHNTER TS SPECIFIED 2¥
VECTOR A.
THE METHODOLOGY USED IS SET FOKTH IN A2PENDIX A
OF THE THZSTIS. THE BASIC ASSUMPTICY IS ONE OF
A LINEAR VELOCITY PROFILF, #40SZ COEFFICIENTS AKE
GIVEN BY THE VECTOR VV.
INTEGER M, I,J
pouBLE pRECESICN P (1000 3£,Aé3) A 2£ Té1)00,u)
DCUBLE PRECISICN AA(4,3§,P%,B2,k,C1,22,C2
SET UP COORDINATES OF FOUR HYDROPHONES ON THE ARRAY
DO 11 I = 1,4

PO ﬁﬁ {.3 13 15.00 + A (J

= - . +

conting s )

AA(I,3) = 15.D0 + A(3)
CONTINUE
BA(1,1) = 15.D0 + A(1
AA {292 = 15.D0 + A

CALCULATE QUANTITIES C1, C2, R, AND THE TITES T(*,4)
C2 = =1.DO*(VV (1) /VV(2))
10CP_THROUGH THE M SOURCE LOCATIONS

po 3313 }'g)
Z =
ggoEuTé QU?H THE FOUR HYDROPHONES FOR EACH SOUFCE
P1 = DS P -AA (I, 1)) 432
Tl ((é (AA(B)Z))**z)
ct1 = p1**2+pz*t2—aﬂ J,3)* *D
+2.00%C2%(AA(J, 3)-P2)
€1 = C1g(2:20%2 1)
R = DSQR C1**2+§AA 3¢3)552)%%2)
T(L,J) = {AR0I,3)- 3&1égé?+§% /(R=C1))
= (DLOG(T(I,J VV (2 ‘
CONT{N(J*’ ( G(T(X,3)))/VV(2)
CCNTINUE
FETURN
END

103

.. UGG WIS

1 .
'LL.A!A_

L




ﬂll.‘.ll.q!.l V. T TE& T i TR [ Y I1.u..|11¢._
-
.
.~.~.L
s ...‘.ll
. e R
! (] ) 8 .u
. W (40 | >
5 [7p] = e o4 - = - .
¥ 0 O D LWEHS ™ @) G -
: ) HZWN - ~ = (L] :
3 0 LHONZZEALIN P (S P ) =
5 0 HiHtHO UM -~ N ] O °
. w) N HDIME —~— e X =
b 0 OHONHOQ N Moy o#* £
b %] ANZEHCO P -~ [ —
B on OHZ0O =, 3 o> — m [7p]
. n HAUVBIQ ME, O noN o :
5 0 2 <IN O . O~ G [ .
: 0 M0 | m - P B b
0 (G >4 T ~—= M)~ > o
s n gD et GEY o~ w0 ~N N g < N :
' n QUEAS D (GO = fon- = GeN #* Sl 6] = Taatand .
g 0 RO AEUGET O .~ (@] O it ~t >4 [ . 9
0 g O<t = Pits o H b o~ [eo] - WV ++ n
g N - L Mg ME 2] ~ nH -3 < ‘o
1 N s mmid RINIRbI [Na9) - ™M o feokoo] h
b [0 T F Je ovode oL ST B [ ] 8] 7] (€3 R o [« 2] NN 4
n . (HEHI - oa o} D+ = o~ n [T o} - PR
g n = no H I I H T [ BN eV N ) =H ] h Anwyn A
[ & | S A L ~ i Q3 o~ 0, o] 1 3 -
5 N <€ M e MHOM b Ol=) 4 %M o [T o] O #eH -]
N s a4 w=tn=ZAm (TR = — e =3 E+ = [ I
3 N H OEHHERL S gty 48] [ iy (o) I L o n — —~U1 =
- n o~ NG K ~Nn0 o e o HEl N v m = 0Ny o
U) =+ NG T O e~ =t 1 NEd -t 3 n &) O s~y -
3 n 0 Z<Ch, DI ome 0y Zeg~ Ny Q¥ ~ = S = Tal p
3 N s HEEOD: HO> o w0 N, o+ =] H o« 5 P il 4 )~
4 V) M HEP > HO —r3 = =] = g ma . O ~O0N &~ o
N~ D> g ~1:30n Flv— 3¢ QF n= ) H ~ QO - n =N
b n Dz mgO HAaN = (X it —~ Mg © < =) > QO N O e
{ n M O<g>m  am QI 1N O A 2O H B T HQ 4 HH e~
VY O IOmHI g~ = 3] Z, S~ — Qe N\ n > (T B ———)
b v << D HI ] [SY6]18] e HOyE ~ iy NV e+ 0 e B e~
1 0N @ NANOEEIEERL | HH &= ~ri M= > >N By o~ [ I O ]
n £+ ZMO0O HWEY HW0NWNWN =RIS-O! —~+ < H ot (L] <5 P > (e8] 4
1 ) Zet 1 QO et - e o] WIHNOOO A ~ *a: G+ N+ + s O at M [T
f n < 4 = MM SOHLL © VU =HmAQMNA ™ e S| —_— O ~
N B GRS el M R Q D WO 0 0 o™~ N ] NINEEHTE H)jbet ™ 0 #0] 4 e
4 n = e+ > (4 M o] 3] ¢« O IliNToOOoo > OH aNnAanNnAa A SUe« O A 4 ~am
2 N 4 WIENUGS T (1 F [ PY oV < VI Vo T e O s> O oo >0 b T eww @
0 L4 QEdHg (G F 3 g NI OHE N e P S T I T T T e X I I TR £ na HHH D 4
3 Ul D et liGg G (P31 [E31 60 (= HHi [sPR ]} D (a¥ " T N S— =
n o RO OMm Ol N -z aanm fec1 SNUVIHE bl QO D VIR 0 HEE o e
{ N M NHHEE IO HmMmm AN ~HTOQOQA> 6] nanoQa HASUPY D QA D o EBiD :
E N M HHEIQU M HDDD 3 O = " Ly} zZHQ
L ] D mn CRAEIHM =000 W O O = n aQ Q= g
% N AR D> D (X b HOoAQAAQ A 4 0O H e -5 ey )
tn “
[7g]
, wn o o . 4
5 - o~ — *
i VL LOLLLDLLLDLLVLL L VLV © QUL &) [S1 G418 ] (S 1S1S) o) M
y
, ]
B
—\
y
4
’
) L }.ﬁ; ;P.r'b.»-fr . }}- Anlad et




wn) .
0 n s oB< =3 -1
. 0 . td ket
" M P4 g
_ ] wn (OS] [EJTI IS Y0t
(= tn o o ST T e
_ Q n B4 D ] SIS
. o u) A Q =z g
. (2 n <X 0N Qv
m n = PANEEH - -—
= 0 H= A gl o o
: n mO = (ST 2 I [a]
" = vy Hi4 D L VO © .
2 Q 73] e+ O s o, v N N
: =] 0 ort Wu) NHQ By~ * »
_ 3] tn = o MIFmiH =HO [>T
; =] wn B = B Hn == ~ e
- = n o] 2] g NN el N ©
g — 9] Y oGy SADm 0 — 0
, = tn I Om HZIO0 ™M N ’
, 0y n 0 et HHOE ~xg # W
g e ] 0 [~ nH<Cn, ol * e
g n =0 O BM M D ox —-— Py
\ = N -~ T fa ot £403 oD PN+ T
. Q vl B =4 VI ZHTIn e wit (@]
‘ v - n = R OMFHM ~ o He . 2
\ H n . HN B HEm o L -
. bef H v MO H<t H<OD w0 B s 0
. - N n . oy e HEEHN A 1osH N
; nl O n = ] = N4 g T O~ o
. =) M n . &1 O Qi s [ e TN O
' (3] n > Mz Zm AdEE on * U~
. & 0. =M OH ) O s O o
X o O n H Ho ©oH Ha=Zo ol He+ =
il b n ~ Faeg MU = Ml vy ~— ~
9 w0 D 00 ME@H ~ . *E OE4
] 0 n > oy ) g K H =m0 m
", o n =< Mg Of)  <Om #E=Z O
X = U = n el =T == MDY 0
. H 1 0 D> om nHEGEH QO OO ~ =3 AN
g &= n O Nt QA N = HH Qe |1 *
L, = n o o L 1 ZiEm nwn >R nn v
, e 0 Zem met EQa= HH OO Sl (3]
,. [»-] wn . < [ nO LD Land H DSx=m
s m n M = MmO « A Ny mEx N~ 0o
'\ =) 0n = (<43 KN kA= o ol H O HE==
, 0 N mH Wz AmzO L O mE N~
[ n 1+ m Ol QO QU yHEO N ANAZAQEBIHD
(=] (77 T - T TS R Y9 o] H O Ly © = =T
_ [<3] nn O O D B DOE 33 mMeDEIDO OE1HMm
[ v m 3 VI D4 N Ao mm —ZAN L=HD
= Ul M Mg Ll R DD ZHN
Ny n D = Mmoo DTOTm OO0 Q QpI=
% 1 1 4 HD HA QfHMNEY A QA L
0
| C cu
i 192}
0 N -
o] -

..
)
i
"y
'
r
)
»
!
ﬁs
v
b
3
!

»

VL WV LLPLOLLLULVLLULULO [ O

- ST e .
Al o b o Aad

R S

105

a) 2 o




B T R R R T T N U P o T o Pl

¢ SSSSSSSS5S5555SSSSSSS5555 55555555555555555555S5 SS555 58588
c SUERCUTINE POSYVC (T,V,¥,P,NI)
¢ TuTS FORTAAN SUBEOUTINE IMPLEMENTS THE ADJUSTZID NAVY
¢ MZIHOT NAVY_ A FCR ESTIAATING APPARENT POSITIONS.
C INZUT ARE THE HYDROPHONE3 TIMES T FOK M SOJND SOUGCE
¢ LOCATIONS, AND THE VELOCITY V AT THZ ARRAY.
¢ CUTSUT ARE THE M APPARZNT POSITION ESTIAATIS P, AND
C THEZ CORRESPONDING 4 RAY THANSIT IIMZS NT. ALL
C POSITIONS ARE PEFEFENCED TO THE ACOQUSTIC CENTER CF
_ C THE ARRAY, WITH THE Z CCMPONEINT MEASURE UPWARDS
¢ FECM THZ ARRAY.
1
- INTEGER M, I
- DCUBLE PRECISICN T(1000 u£,911ooo 3) ,NT (1) 00)
' DOUBLZ PRECISICN V,D,Nuhzg!Dzuox, %C,bcC
3 C
(. D = 30.D0
; DO 11 I = 1,4
ngc -To.bg)
TC = T(I
‘ Do gzijf 1'%5 W VY * (TC*TC~T (I,J)%* 2) / (D*2.L0
1 = « D (&) k Ze L
, LoD =015.00 + (VEye( ( ( ))
1 22 CONTINUE
[ ® NUMER = 0.DO
DENOM = 0.DO
DO 44 J ="1,3
éI J) = 4B (T, ) BvRTC) /DS ) cc)
: NoH = P(I *%2
PJI J) = E(I J) -"16.00
NOMER = NUMER + P (I,3)**2
44 CONTINUE
”Télé = TC*DSCKT (NUMEE/DENON)
11 CCONTIND
EETURN
END
C
G
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L adir ARl R i s AN G e R S 0 e A At il i Sl M St Sl - COl i T A CHC A e M AN

€ S55555555555 3535555555555 555555555555535555555555555552555
c SJERGUTINE POSLS (T,V,M,2,LST)
: ¢ THIS FORTRAY SUBROUTINE IXPLENINTS THE LEAST SJUAFES
¢ BLANAE 4ETHOD I.S.
C INPUT ARE TEE HYDROPHONE TIHES T FOR M SOUND SCU&RCE
¢ POSITIONS, AND THE VELOCITY V AT THZ ARKAY.
¢ LIPUTS AND QUTEUTS ARE THE SAUE AS FOR THE
¢ SUEROUTINE POSNav
INTEGER ¥,I,J
DGUBLE 2RECISION T(1000,4) ,F(1000,3),LST(1)00)
; DCUBLE PRECiISICN V,DISC,TC
2¢ 11 I = 1,H
£I1sc = 0.50
oo gzzJJT 1'% I,4) =-T{I,J)
piseL 51adts %(1,3 %2
<2 %2”11¥”E (T (I,1)+I(I,2)+T(I,3)-7(I,4%))/2.00
T(I) = (T + 2)+ -7 (I .
£o §3IJJ; 1'%;*LSIEI;*P(I J;)/DSQP;(DIS‘)
33 CONTINOE ’ ‘ N
C11 CONTINUE 3
EETURN ¥
END
C g
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55385855555 555555S55555555555555555555555555 SS5555S3550
SURRCUTINE PCSLSC (T, V,4,P,L3T)
THIS FCRTEFAN SUPROUTINE INPLEMENIS THZ 3IAS ADJUSTED
LZA5T S,UAKES E1ANAR METHOD L.S.C. FOR E3TIMATING
APPAKENT POSITIONS.
INBUTS AND OUTPUTS ARE THE SAME AS FOR THE
SUBROUTINE 20S1iS.
INTEGER I ,.4,d K(L
pousLE prActstctTT o P (1000, 3),LSI{1)OO)
DOUBLE PRECISICN 3) 514y, 018C, 0, R1SUR, 5250a, 2 (3)
SET Ur YYDROPICNE POS ITIONS
DO 44 g =1,3
DO 55 I = 1,4
AT =’215.00
%CgTJNGE 15.00
cont e "
CALCULATE ORIGINAL L.S. SOLUTION
Do 11 1 = 1,M
DISC = 0.D0 _
po 221JJ; 10 Z 1,8y -T (1,3
E ='q
Eied) 5138 %(1 j)i*L
CONTINUE
LST{T) = (T(L, ) +T(1,2)#T(L,3)=T(I,4)) /2. DO
3 =1,
P{I,J) ='(V*LST(I)*P(I,J))/DSGRT(DISC)
LIS, en e 1,2 ev2ep 1,31 42
T = ¢ + +
D(4] = o 85 M ! !
Lo cguK - 5?3 (P (I,K) A(4,K)) *%x2
= + ' -
g TP
= D
pidl I 36Tt
T2 = 0.D0 )
DO 77 3 = 1,3
D{I) 5=, 0209
0010 T ¢ (RELe - AW, K)) w2
= L + L - L
conedibe ! !
0(J) = osgar(nia)h
DI5C = DI&C + D'(h) -D(J)) **2
D = TD + D(J)
CONTINUE
CALCULATE BIAS VECTOR E
DISC = DSQRT (DISC)
P9 8833 2 11T0-D (41 )% (D (4) =D (J)) / (DISC*2. DO) ) =B (X
ol = - - o .o, - -
conitibe
F2Sgk = 0.0
po 991JJT1'33 1,J £ (J
- rs -
aés%a = széoﬁ A P(I,J}**2
CONTINUE
ADJUST OPRIGINAL KAY TRANSIT TIME
1ST(I) = LST (I)*(DSCRT (R252R/R15QR))
CONTINUE
EETURN
END
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aNnnn

[glnlg)

44

NUMER =
DENOY =

CONVER
ACCUST
6 J)*TC
é I J *%Q
£’} P(I J)**2
TC*DSQRT (NUMER/DENOM)
ESTIMATE VARIANCE
vaaéz) = 0.DQ
DO 55

J = 1,3
VAR (I) = VAR(I) + (T(I,J)-TC+D*C(J)/T)*%2
CONTIN&E
VAE[SI) = R(I)/4. D0
TINUZ
URN
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